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ABSTRACT 



This article first reviews the calculation of the = 1 effective action for generic type 
IIA and type IIB Calabi-Yau orientifolds in the presence of background fluxes by using 
a Kaluza-Klein reduction. The Kahler potential, the gauge kinetic functions and the 
flux-induced superpotential are determined in terms of geometrical data of the Calabi- 
Yau orientifold and the background fluxes. As a new result, it is shown that the chiral 
rS \ description directly relates to Hitchin's generalized geometry encoded by special odd and 
I even forms on a threefold, whereas a dual formulation with several linear multiplets makes 
contact to the underlying N = 2 special geometry. In type IIB setups, the flux-potentials 
can be expressed in terms of superpotentials, D-terms and, generically, a massive linear 
multiplet. The type IIA superpotential depends on all geometric moduli of the theory. 
It is reviewed, how type IIA orientifolds arise as a special limit of M-theory compactified 
on specific G2 manifolds by matching the effective actions. In a similar spirit type 
IIB orientifolds are shown to descend from F-theory on a specific class of Calabi-Yau 
fourfolds. In addition, mirror symmetry for Calabi-Yau orientifolds is briefly discussed 
and it is shown that the N = 1 chiral coordinates linearize the appropriate instanton 
actions. 
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Chapter 1 
Introduction 



The Standard Model of particle physics extended by massive neutrinos has been tested 
to a very high precision and is believed to correctly describe the known elementary 
particles and their interactions. Experimentally, the only missing ingredient is the scalar 
Higgs particle, which gives masses to the leptons and quarks, once it acquires a vacuum 
expectation value. The Standard Model provides a realistic model of a renormalizable 
gauge theory. Despite its impressive success there are also various theoretical drawbacks, 
such as the large number of free parameters, the hierarchy and naturalness problem as 
well as the missing unification with gravity. These indicate that it cannot be viewed as 
a fundamental theory, but rather should arise as an effective description. 

A natural extension of the Standard Model is provided by supersymmetry, which 
serves as a fundamental symmetry between bosons and fermions. Supersymmetry pre- 
dicts a superpartner for all known particles and thus basically doubles the particle content 
of the theory. However, none of the superpartners was ever detected in an accelerator 
experiment, which implies that supersymmetry is appearing in its broken phase. The 
super symmetric Standard Model solves some of the problems of the Standard Model [1]. 
Even in its (softly) broken phase it forbids large quantum corrections to scalar masses. 
This allows the Higgs mass to remain to be of order the weak scale also in a theory with 
a higher mass scale. Furthermore, assuming the supersymmetric Standard Model to be 
valid up to very high scales, the renormalization group flow predicts a unification of all 
three gauge-couphngs. This supports the idea of an underlying theory relevant beyond 
the Standard Model scales. However, it remains to unify these extensions with gravity. 

On the other hand, we know that General Relativity links the geometry of spacetime 
with the distribution of the matter densities. Einsteins theory is very different in nature. 
It is a classical theory which is hard to quantize due to its ultra-violet divergences (see 
however [2]). This fact constraints its range of validity to phenomena, where quantum 
effects are of negligible importance. However, there is no experimental evidence which 
contradicts large scale predictions based on General Relativity. 

Facing these facts General Relativity and the Standard Model seems to be incompat- 
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ible, in tlie sense tliat neitlier of tliem allows to naturally adapt the other. This becomes 
important in regimes where both theories have to be applied in order to describe the cor- 
rect physics. Early time cosmology or physics of black holes are only two regimes where 
the interplay of quantum and gravitational effects become important. To nevertheless 
approach this theoretically interesting questions one might hope for a fundamental quan- 
tum theory combining the Standard Model and General Relativity. Until now one does 
not know what this unifying theory is, but one has at least one possible candidate. This 
theory is known as String Theory, which was studied intensively from various directions 
in the last thirty years. A comprehensive introduction to the subject can be found in 

Perturbative String Theory is a quantum theory of one-dimensional extended objects 
which replace the ordinary point particles. These fundamental strings can appear in 
various vibrational modes which at low energies are identified with different particles. 
The characteristic length of the string is where a' is the Regge slope. Hence, the 
extended nature of the strings only becomes apparent close to the string scale 1 / ^/a' . The 
string spectrum naturally includes a mode corresponding to the graviton. This implies 
that Sting Theory indeed includes gravity and as we will further discuss below reduces to 
Einsteins theory at low energies. It most likely provides a renormalizable quantum theory 
of gravity around a given background. It avoids the ultra-violet divergences of graviton 
scattering amplitudes in field theory by smearing out the location of the interactions. 

The extended nature of the fundamental strings poses strong consistency constraints 
on the theory. Non-tachyonic String Theories (Superstring Theories) require space-time 
supersymmetry and predict a ten-dimensional space-time at weak coupling. Altogether 
there are only five consistent String Theories, which are called type IIA, type IIB, het- 
erotic 50(32) and x and type I. These theories are connected by various dualities 
and one may eventually hope to unify all of them into one fundamental theory [6l H] . 

As striking a proper formulation of such a fundamental theory might be, much of 
its uniqueness and beauty could be spoiled in attempting to extract four- dimensional 
results. This is equally true for the five String Theories formulated in ten dimensions. 
One approach to reduce String Theory from ten to four space-time dimensions is com- 
pactification on a geometric background of the form M^'^ x Y . M^'^ is identified with 
our four- dimensional world, while Y is chosen to be small and compact, such that these 
six additional dimensions are not visible in experiments. This however induces a high 
amount of ambiguity, since String Theory allows for various consistent choices of Y . 
Eventually one would hope to find a String Field Theory formulated in ten dimensions, 
which resolves this ambiguity and dynamically chooses a certain background. However, 
such a theory is still lacking and one is forced to take a sideway to find and explore 
consistent string backgrounds. 

For a given background, the ten-dimensional theory can then be reduced to four di- 
mensions by a Kaluza-Klein compactification \J\ (for a review on Kaluza-Klein reduction 
see e.g. [8]). This amounts to expanding the fields into modes of Y and results in a full 
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tower of Kaluza-Klein modes for each of the string excitations. Additionally there are 
winding modes corresponding to strings winding around cycles in Y. Generically it is 
hard and phenomenologically not interesting to deal with these infinite towers of modes 
and an effective description is needed. 

In order to extract an effective formulation one may first integrate out the massive 
string excitations with masses of order Xj^lx'. This is possible due to the fact that 
the string scale l/\fa' is usually set to be of order the Planck scale such that gravity 
couples with Newtonian strength. In the point-particle limit a' — > the effective theory 
describing the massless string modes is a supergravity theory (see e.g. [31 H]). It can 
be constructed by calculating string scattering amplitudes for massless states. One then 
infers an effective action for these fields encoding the same tree level scattering vertices. 
An example is the three-graviton scattering amplitude in String Theory, which in an 
effective description can be equivalently obtained from the ten-dimensional Einstein- 
Hilbert term. Repeating the same reasoning for all other massless string modes yields a 
ten-dimensional supergravity theory for each of the five String Theories. 

In a similar spirit one can also extract an effective Kaluza-Klein theory. For a compact 
internal manifold Y the first massive Kaluza-Klein modes have a mass of order 1/-R, 
where R is the 'average radius' of Y . Hence, choosing Y to be sufficiently small these 
modes become heavy and can be integrated out. On the other hand, Y has to be large 
enough that winding modes of length y/o' can be discarded. Together for p being the 
characteristic momentum of the lower-dimensional fields an effective description of the 
massless modes is valid in the regime 1/p ^ -R ^ \f(y' . 

The structure of the four-dimensional theory obtained by such a reduction highly 
depends on the chosen internal manifold. The properties of Y determine the amount 
of supersymmetry and the gauge-groups of the lower-dimensional theory. Generically 
one insists that Y preserves some of the ten-dimensional supersymmetries. This is due 
to the fact that string theory on supersymmetric backgrounds is under much better 
control and various consistency conditions are automatically satisfied. It turns out that 
looking for a supersymmetric theory with a four- dimensional Minkowski background the 
internal manifold has to be a Calabi-Yau manifold [9] . From a phenomenological point of 
view the resulting low-energy supergravity theories need to include gauged matter fields 
filling the spectrum of the desired gauge theory such as the supersymmetric Standard 
Model. However, parameters like the size and shape of the compact space appear as 
massless neutral scalar fields in four dimensions. They label the continuous degeneracy 
of consistent backgrounds Y and are generically not driven to any particular value; they 
are moduli of the theory. In a Standard Model-like vacuum these moduli have to be 
massive, such that they are not dynamical in the low-energy effective action. Therefore 
one needs to identify a mechanism in String Theory which induces a potential for these 
scalars. As it is well-known for supergravity theories this potential can provide at the 
same time a way to spontaneously break supersymmetry. 

To generate a moduli-dependent potential in a consisted String Theory setup is a non- 
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trivial task and requires further refinements of the standard compactifications. Recently, 
much effort was made to establish controllable mechanisms to stabilize moduli fields in 
type II String Theory. The three most popular approaches are the inclusion of background 
fiuxes [I0]-[1T], instanton corrections [321 SSI HH US] gaugino condensates [16], 133] . 
This raised the hope to find examples of string vacua with all moduli being fixed [3S1 
1301 13T| 137] . Moreover, phenomenologically interesting scenarios for particle physics and 
cosmology can be constructed within these setups [48l |39] . 

In contrast to Eg x Es and SO (32) heterotic String Theory and type I strings both 
Type II String Theory do not consist of non-Abelian gauge-groups in their original formu- 
lation. Thus most of the model building was first concentrated on the heterotic String 
Theory as well as type I strings. This has changed after the event of the D-branes 
[50] m [51], [52], which naturally induce non-trivial gauge theories. It turned out that 
compactifications with space-time filling D-branes combined with moduli potentials due 
to fiuxes or non-perturbative effects provide a rich arena for model building in particle 
physics as well as cosmology [IHl [IH]. One of the reasons is that consistent setups with 
D-branes and fluxes generically demand a generalization of the Kaluza-Klein Ansatz to 
so-called warped compactiflcations [T2l [13] [T9l [20] . Remarkably, these compactiflcations 
provide a String Theory realization of models with large hierarchies [HI [TG] [TH] [TO] [20] 
as they were flrst suggested in [53] . 

One of the major motivation of this work it to analyze the low energy dynamics of 
the (bulk) supergravity moduli flelds within a brane world setup with a non-vanishing 
potential. Hence, we will more carefully introduce the basic constituents in the following. 



1.1 Compactification and moduli stabilization 

Sting Theory is consistently formulated in a ten-dimensional space-time. In order in 
order to make contact with our four- dimensional observed world one is forced to assign 
six of these dimensions to an invisible sector. This can be achieve by choosing these 
dimensions to be small and compact and not detectable in present experiments. Even 
though the additional dimensions are not observed directly, they influence the resulting 
four-dimensional physics in a crucial way. 

The idea of geometric compactiflcation is rather old and goes back to the work of 
Kaluza and Klein in 1920 considering compactiflcation of flve-dimensional gravity on 
a circle [2|. They aimed at combining gravity with U{1) gauge theory in a higher- 
dimensional theory. Through our motivations have changed, the techniques are very 
similar and can be generalized to the reduction from ten to four dimensions. 

In the Kaluza-Klein reduction one starts by specifying an Ansatz for the background 
space-time [8]. Topologically it is assumed to be a manifold of the product structure 



Mio = M^'^ X Y , 



(1.1) 
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where M'^'^ represent the four observed non-compact dimensions and Y correspond to 
the compact internal manifold. On this space one specifies a block- diagonal background 
metric 

ds^ = gl^Xx) dx>^dx^ + g^^M dy^dy^ (1.2) 

where q\iv is a four- dimensional Minkowski metric and gf^ is the metric on the compact 
internal subspace. More generally, one can include a nontrivial warp factor e^"^*^^-* de- 
pending on the internal coordinates y into the Ansatz (11.21) . This amounts to replacing 
gjxu{x) with e'^^^y^ gj^J {x) which is the most general Ansatz for a Poincare invariant four- 
dimensional metric [5H |10[ [121 HH UHl 120] • The functional form of the warp factor is then 
determined by demanding the background Ansatz to be a solution of the supergravity 
theory. It becomes a non-trivial function in the presence of localized sources such as 
D-branes. However, for simplicity we will restrict ourselves to the Ansatz (11.21) in the 
following. 

The lower- dimensional theory is obtained by expanding all fields into modes of the 
internal manifold Y. As an illustrative example we discuss the Kaluza-Klein reduction of 
a ten-dimensional scalar y) fulfilling the ten-dimensional Laplace equation Aio$ = 
[H]. Using the Ansatz (11.21) the Laplace operator splits as Aio = A4 + Ag and we may 
apply the fact that Ag on a compact space has a discrete spectrum. The coefficients 
arising in the expansion of ^{x,y) into eigenf unctions of Ag are fields depending only 
on the coordinates of M^'^. From a four dimensional point of view the term Ag^ thus 
appears as a mass term. One ends up with an infinite tower of massive states with 
masses quantized in terms of 1/R, where R is the 'radius' of Y such that Vol(y) is of 
order R^. Choosing the internal manifold to be small enough the massive Kaluza-Klein 
states become heavy and can be integrate out. The resulting effective theory encodes the 
dynamics of the four-dimensional fields associated with the massless Kaluza-Klein modes 
satisfying 

A,^x,y) = 0. (1.3) 

In chapter [2] we review how this procedure can be generalized to all other fields present 
in the ten-dimensional supergravity theories. This also includes the metric itself [S]. 
Equation (11.21) specifies the ten-dimensional background metric and a gravity theory 
describes variations around this Ansatz. In the non-compact dimensions these correspond 
to the four-dimensional graviton and the effective action reduces to the standard Einstein- 
Hilbert term for the metric. The situation changes for the internal part of the metric. 
Massless fiuctuations of gmniy) around its background value, such as changes of the size 
and shape of F, correspond to scalar and vector fields in four- dimensions. As a result 
the four-dimensional theory consists of a huge set of scalar and vector fields arising as 
coefficients in the expansion of the ten-dimensional fields into zero modes of Y . In order 
that the four dimensional theory inherits some of the supersymmetries of the underlying 
ten-dimensional supergravity theory one restricts to background manifolds with structure 
group in SU (3) such as Calabi-Yau manifolds or six-tori. This implies that the Kaluza- 
Klein modes reside in supermultiplets with dynamics encoded by a supergravity theory. 
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As already remarked above every compactification induces a set of massless neutral 
scalars called moduli. In Calabi-Yau compactifications it typically consists of more then 
100 scalar fields parameterizing the geometry of Y, which is clearly in conflict with the 
known particle spectrum. It is a long-standing problem to find a mechanism within 
String Theory to generate a potential for these fields. Finding such a potential will 
fix their values in a vacuum and make them sufficiently massive such that they can be 
discarded from the observable spectrum. Above we already listed the three most popular 
possibilities to generate such a potential: background fluxes, instanton corrections and 
gaugino condensation. Let us now focus our attention to the first mechanism, since fluxes 
will play a major role in this work. 

To include background fluxes amounts to allowing for non-trivial vacuum expectation 
value of certain field strengths [I0]-[1T]. Take as an example a tensor field B2. If its 
field strength = dB2 admits a background flux = ^(ii?2), the kinetic term of B2 
yields a contribution [20] 



JMio 

which via the Hodge-* couples to the metric and its deformations. Insisting on four- 
dimensional Poincare invariance of the background, non-trivial fluxes can only be in- 
duced on internal three-cycles 7. The terms fll.4p induce a non-trivial potential for the 
deformations of the internal metric Qmniy) which generically stabilizes the corresponding 
moduli fields at a scale mfiux ~ a'/ [20l [29] . 

There are at least two further important points to remark. Firstly, note that in general 
one is not completely free to choose the fluxes, but rather has to obey certain consistency 
conditions. Fluxes generically induce a charge which has to be canceled on a compact 
space. Hence, the setup needs to be enriched by objects carrying a negative charge [20] . 
Secondly, it is usually the case that fluxes do not stabilize all moduli of the theory. In 
order to induce a potential for the remaining fields, one needs to include non-perturbative 
effects such as instantons and gaugino condensates. Various recent work [H] is intended 
to get some deeper insight into the nature of these corrections. 

1.2 Brane World Scenarios 

In the middle of the 90's, the discovery of the D-brane opened a new perspective for 
String Theory [50]. On the one hand, D-branes where required to fill the conjectured 
web of string dualities [HI S]. Their appearance supports the hope for a more funda- 
mental underlying theory unifying all the known String Theories. Moreover, they led to 
the conjecture of various new connections between String Theories and supersymmetric 
gauge theories, such as the celebrated AdS/CFT correspondence [SH]. From a direct 
phenomenological point of view, they opened a whole new arena for model building [48] , 
since they come equipped with a gauge theory. 




flux 



(1.4) 
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More precisely, D-branes are extended objects defined as subspaces of the ten-dimensional 
space-time on which open strings can end [50l HI [511 [52] . Open strings with both ends on 
the same D-brane correspond to an U{1) gauge field in the low energy effective action. 
This gauge group gets enhanced to U{Af) when putting a stack of Af D-branes on top 
of each other. At lowest order this induces a Yang-Mills gauge theory in the low-energy 
effective action. This fact allows to construct phenomenologically attractive models from 
space-time filling D-branes consistently included in a compactification of type II String 
Theory [l8]. The basic idea is that the Standard Model, or rather its supersymmetric 
extensions, is realized on a stack of space-time filling D-branes. The matter fields arise 
from dynamical excitations of the brane around its background configuration. This is 
similar to the situation in standard compactifications discussed in the beginning of the 
previous section, where moduli fields parameterize fluctuations of the background met- 
ric on Y. The crucial difference is that fluctuations of the D-branes are charged under 
the corresponding gauge group and can yield chiral fermions in topologically non-trivial 
configuration [IS]. 

In addition to the applications in Particle Physics, D-branes can serve as essential 
ingredients to construct cosmological models. Their non-perturbative nature can be used 
to circumvent the no-go theorem excluding the possibility of de Sitter vacua in String 
Theory [551 \5E\ [^. Furthermore, similar to the fundamental string, D-branes are dy- 
namical objects, which can move through the ten-dimensional ambient space. In certain 
circumstances this dynamical behavior was conjectured to be linked to a cosmological 
evolution [i9] . 

There are basically three steps to extract phenomenological data from brane world 
scenarios. Firstly, one has to actually construct consistent examples yielding the desired 
gauge groups, field content and amount of supersymmetry. Secondly, to determine the 
dynamics of the theory one needs to evaluate the low energy effective action of the brane 
excitations and the gauge neutral bulk moduli. This can then be combined with the 
approach to generate potentials by a flux-background and non-perturbative effects. 

The resulting theory may exhibit various phenomenologically interesting features. As 
briefly discussed in section [LT] it can yield moduli stabilization in the vacuum. Moreover, 
if the vacuum breaks supersymmetry this generically results in a set of soft supersymme- 
try breaking terms for the charged matter fields on the D-branes (see ref. [561 IS3 ^ 
generic string inspired supergravity analysis). These can be computed from the effective 
low energy action as it has been carried out in refs. [501 [211 [32] • On the other hand, 
anti-branes (or brane fluxes) can be used to generate a positive cosmological constant 
[351 [58]. 

Even though this general approach sounds promising, it is extremely hard to address 
all these issues at once. Hence, one is usually forced to either concentrate on specific 
models or on one or the other ingredient to develop techniques and to extract general 
results. 

As an example, one can already check if space-time filling D-branes and fluxes alone 
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can be consistently included in a compactification. Namely, since D-branes are charged 
under certain fields of the bulk supergravity theory they contribute a source term in 
the Bianchi identities of these fields [50l HI [511 [52]. This is similarly true for non-trivial 
background fluxes. One can next apply the Gauf5 law for the compact internal space 
such that consistency requires internal sources to cancel. In this respect D-branes are 
the higher dimensional analog of say positively charged particles. Putting such a particle 
in a compact space, the field lines have to end somewhere and we have to require for 
negative sources. In String Theory these negative sources are either appropriately chosen 
anti- D-branes or 'orientifold planes' [SOt [52] . Even though it is possible to construct 
consistent scenarios with D-branes and anti-D-branes only, one may further insist to 
keep a. D = A supergravity theory. This is mainly due to the fact that these models 
are under much better control and are not plagued by instabilities. This favors the 
inclusion of appropriate orientifold planes, since there negative tension cancels the run- 
away potentials for the moduli induced by D-branes. In figure 11.11 we schematically 
picture some ingredients of a brane-world model. 



Figure 1.1: Brane-world scenario on M.^'^ x Y with space-time filling D-branes, orientifold 
planes and background fluxes. 

Orientifold planes arise in String Theories constructed form type II strings by modding 
out world-sheet parity plus a geometric symmetry a of M^'^ x Y [50l [52]. On the level 
of the full String Theory this implies that non-orientable string world-sheets, such as the 
Klein bottle or the Mobius strip, are allowed. Focusing on the effective action orientifolds 
break part or all of the supersymmetry of the low-energy theory. By imposing appropriate 
conditions on the orientifold projection and the included D-branes the setup can be 
adjusted to preserve exactly half of the original supersjTiimetry. 

From a phenomenological point of view spontaneously broken A/" = 1 theories are of 
particular interest. Starting from type II String Theories in ten space-time dimensions, 
one can compactify on Calabi-Yau threefolds to obtain M = 2 theories in four dimensions. 
This A/" = 2 is further broken io M = 1 if in addition background D-branes and orientifold 
planes are present [591 [201 [6Ql [SH [62]. The presence of background fluxes or other 
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effects generating a potential results in a spontaneously brok;en M = 1 theory [llj- 
pi] . To examine tliis setup on the level of the effective action is one of the motivations 
for this work. Note that all these brane world scenarios are conjectured to admit a 
higher dimensional origin in a more fundamental theory, which we briefly introduce next. 
However, it is important to keep in mind that this unifying theory is much less understood 
then the five String Theories. 

1.2.1 From dualities to M- and F-theory 

At the first glance in seems as if we have to choose one or the other String Theory in 
which we aim to construct a specific model. However, it turns out that many of these 
choices are actually equivalent and linked by various dualities [6l H]. The full set of 
dualities forms a interlocking web between all five String Theories (see figure [L2|) . 



As an example type HA compactified on a circle of radius R is shown to be equivalent 
to type IIB on a circle of radius 1/R [11[63]. This duality is termed T-duality and relates 
two String Theories at weak string coupling [63]. There are also strong/weak dualities 
such as S-duality, which is a symmetry of the type IIB String Theory |6]. Both of these 
dualities can be generalized and applied to standard Calabi-Yau compactifications as well 
as brane-world scenarios. 

A prominent example is mirror symmetry which can be interpreted as performing 
several T-dualities [M]. It associates to each Calabi-Yau manifold Y a corresponding 
mirror Calabi-Yau Y [65]. Within the framework of String Theory it can be argued 
that type HA compactified on Y is fully equivalent to type IIB strings on Y . From a 
mathematical point of view mirror symmetry exchanges the odd cohomologies of Y with 
the even cohomologies of Y and vice versa. Even stronger it suggests that the moduli 
spaces of the two Calabi-Yau manifolds are identified. Remarkably, in specific examples 
this allows to calculate stringy corrections to the theory on Y from geometrical data 



Het SO(32) 




Figure 1.2: The duality web of String Theories. 
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of Y. Mirror symmetry can be generalized to setups with D-branes ^66j and eventually 
should identify type IIA and type IIB brane world scenarios. This raises various non- 
trivial questions such as in which way mirror symmetry applies to flux compactifications 
[671 EH]. 

Let us also introduce S-duality in slightly more detail [Sill]- Type IIB String Theory 
contains in addition to the fundamental string also a D-string (Dl-brane). It can now 
be argued that the theory where the fundamental string is at low coupling Qs, and hence 
the D-string is very heavy, is dual to a theory at I/Qs with the role of both strings 
exchanged. Carefully identifying the fields, S-duality is also shown to be a symmetry 
of the corresponding type IIB low-energy effective action. This strong/weak duality is 
actually part of a larger symmetry group Sl{2,Z). It has been suggested in ^H] that 
this duality group admits a geometric interpretation in terms of two additional toroidal 
dimensions. This twelve dimensional construction was named F-theory. The additional 
two dimensions are necessarily a compact torus, which however in compactifications 
can be non-trivially fibered over the compactification manifold. This naturally applies 
to type IIB brane-world scenarios, which generically admit backgrounds corresponding 
these non-trivial compactifications [TQl [161 [20] • 

The existence of these various dualities suggests that the ten-dimensional String The- 
ories are actually just different limits of a more fundamental theory [6] as pictured in 
figure 11.21 This mysterious theory unifying all five String Theories was named M-theory. 
In general, not much is known about its actual formulation and the required structures 
are far less understood then the one for String Theory. However, there are certain regimes 
in which one believes to find some hints of its existence. This also includes the existence 
D-branes, which fit into this picture as they occur from higher-dimensional objects termed 
M-branes. There also is a unique supergravity theory in eleven dimensions [7T], which 
is interpreted to be the low-energy limit of M-theory. In the final chapter of this article 
it will be this low-energy theory which allows us lift the orientifold compactifications to 
M-theory. 



1.2.2 Topics and outline of this article 

After this brief general introduction let us now turn to the actual topics of this article. As 
just discussed, an essential step to extract phenomenological properties of string vacua 
with (spontaneously broken) = 1 supersymmetry in brane world scenarios is to deter- 
mine the low energy effective action. In this work we focus on type IIA and IIB String 
Theory compactified on generic Calabi-Yau orientifolds and determine their low energy 
effective action in terms of geometrical data of the Calabi-Yau orientifold and the back- 
ground fluxes. We include D-branes for consistency, but freeze their matter fields (and 
moduli) concentrating on the couplings of the bulk moduli. We also provide a detailed 
discussion of the resulting A^ = 1 moduli space in the chiral and the dual linear multi- 
plet description and check mirror symmetry in the large volume-large complex structure 
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limit. Moreover, we show at the level of the effective actions that Calabi-Yau orientifolds 
with fluxes admit a natural embedding into F- and M-theory compactifications. 

In chapter we first briefly review standard Calabi-Yau compactifications of type 
llA and type IIB supergravity and discuss the resulting N = 2 supergravity action. In 
doing so we focus on the geometry of the moduli space Ai^^ x Ai^ spanned by the 
scalars of the N = 2 supergravity theory. Supersymmetry constrains it to locally admit 
this product form, where Ai^^ is a special Kahler manifold and Ai^ is a quaternionic 
manifold. Furthermore, we introduce N = 2 mirror symmetry on the level of the effective 
action and present a somewhat non-standard construction of the mirror map between the 
IIA and IIB quaternionic moduli spaces reproducing the results of |72j . 

In chapterl^we immediately turn to the compactification of type II theories on Calabi- 
Yau orientifolds. We start with a more detailed introduction to setups with D-branes 
and orientifold planes and comment on consistency and supersymmetry conditions. As 
already mentioned in section 11.21 orientifold planes are essential ingredients to obtain 
supersymmetric theories in brane-world compactifications. They arise in String Theories 
modded out by a geometrical symmetry a of M^'^ x F in addition to the world-sheet par- 
ity operation. We demand y to be a generic Calabi-Yau manifold admitting an isometric 
involutive symmetry a. It turns out that in order to preserve = 1 supersymmetry 
a has to be a holomorphic map in type IIB and an anti-holomorphic map in type IIA 
compactifications. Taking into account further properties of a one finds three supersym- 
metric setups [SniE21: (1) IIB orientifolds with 03/07 planes, (2) IIB orientifolds with 
05/09 planes and (3) IIA orientifolds with 06 planes. 

The spectrum of these theories was first determined in [OS]- However, the effective 
action was only computed for special cases of type IIB Calabi-Yau orientifolds with 
03/07 planes [201 [27]. Iii [29] we generalized these results and also included an analysis 
of 05/09 setups. For type IIA brane-world scenarios the calculation of the low energy 
supergravity theory was mainly concerned with orbifolds of six-tori [TSj HH] for which 
conformal field theory techniques can be applied. Complementary, the dynamics of the 
bulk theory can extracted for general type IIA Calabi-Yau orientifolds by using a Kaluza- 
Klein reduction as shown in our publication [H]. In chapter |3] we review the first parts of 
refs. [39] BT] and determine the = 1 effective action of all three setups. We extract the 
Kahler potential and the gauge-kinetic couplings by first assuming that no background 
fluxes are present. The A^ = 1 moduli space is shown to be a local product Ai^^ x Ai^, 
where TVI^^ is a special Kahler manifold inside At^^ and TVI**^ is a Kahler manifold inside 
the quaternionic manifold Ai^. 

We end chapter [3] with a discussion of mirror symmetry for Calabi-Yau orientifolds 
and determine the necessary conditions on the involutive symmetries of the mirror IIA 
and IIB orientifold theories. By specifying two types of special coordinates on the IIA 
side, we are able to identify the large complex structure limit of IIA orientifolds with the 
large volume limits of IIB orientifolds with 03/07 and 05/09 planes. 

In chapter\^we present a more detailed analysis of the A^ = 1 moduli space geometry 
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of Calabi-Yau orientifold compactifications [321 SI]. The special Kaliler manifold Ai^^ 
inherits its geometrical structure directly from N = 2, such that we focus our attention 
to the Kahler manifold Ai^ inside the quaternionic space. We show that the definition 
of the Kahler coordinates as well as certain no-scale type conditions can be more easily 
understood in terms of the 'dual' formulation where some chiral multiplets of the Calabi- 
Yau orientifold are replaced by linear multiplets. A linear multiplet consists of a real 
scalar and an anti-symmetric two-tensor as bosonic fields. In the massless case this two- 
tensor is dual to a second real scalar and one is led back to the chiral description. In 
order to do set the stage for the orientifold analysis we first review = 1 supergravity 
with several linear multiplets following [71]. The transformation into linear multiplets 
corresponds to a Legendre transformation of the Kahler potentials and coordinates. In 
the dual picture the characteristic functions for type IIB orientifolds take a particularly 
simple form. Moreover, in type IIA orientifolds the Legendre transform is essential to 
make contact with the underlying N = 2 special geometry. As a byproduct we determine 
an entire new class of no-scale Kahler potentials which in the chiral formulation can 
only be given implicitly as the solution of some constraint equation. These new insights 
will enable us to give an direct construction of the Kahler manifold Ai^ in analogy to 
the moduli space of supersymmetric Lagrangian submanifolds [75]. Moreover, this sets 
the stage to generalize the reduction to orientifolds of certain non- Calabi-Yau manifolds 
introduced in [THl EZ] ■ 

In chapterl^we redo the Kaluza-Klein compactification by additionally allowing for 
non-trivial background fluxes. For 03/07 orientifolds this amounts to a generalization 
of the analysis presented in [201 EZ] and confirms that the Gukov-Vafa-Witten super- 
potential [15] encodes the potential due to background fluxes. However, we show that 
for orientifolds with 05/09 planes background fluxes generically result in a non-trivial 
superpotential, D-terms as well as a direct mass term for a linear multiplet. Following 
this observation, supergravity theories with massive linear multiplets coupled to vector 
and chiral multiplets where further analyzed in [78j. Surprisingly, in type IIA orientifolds 
with background fluxes the superpotential depends on all (bulk) moduli fields of the the- 
ory. In [IQ] an equivalent observation was made for the underlying N = 2 theory. This 
suggests that all geometric moduli can be stabilized in a supersymmetric vacuum [lOlHT] . 
In ref. [TH] this was shown to be possible at large volume and small string coupling (see 
also [5U]). 

The IIA superpotential is expected to receive non-perturbative corrections from world- 
sheet as well as D-brane instantons. In the final section of chapter [5] we derive that for 
supersymmetric type IIA and type IIB instantons the respective actions are linear in the 
chiral coordinates and therefore can result in holomorphic corrections to the superpoten- 
tial. 

In chapterl^we embed type IIB and type IIA orientifolds into F- and M-theory com- 
pactifications. Orientifolds with 03/07-planes can be obtained as a limit of F-theory 
compactified on elliptically fibered Calabi-Yau fourfolds |70j. We check this correspon- 
dence on the level of the effective action by first compactifying M-theory on a specific 
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Calabi-Yau fourfold and comparing the result with the effective action of 03/07 orien- 
tifolds compactified on a circle to D = 3. The low energy effective action of M-theory 
compactifications on Calabi-Yau four-folds was determined in [22l [M] and we use their 
results in a slightly reformulated version. Moreover, it turns out that this duality is best 
understood in the dual pictures where three-dimensional vector multiplets are kept in the 
spectrum and the Kahler potential is an explicit function of the moduli. We determine 
simple solutions to the fourfold consistency conditions for which we find perfect match- 
ing between the orientifold and M-theory compactifications. This correspondence can be 
lifted to D = A where M-theory on an elliptically fibered Calabi-Yau fourfold descents to 
an F-theory compactification. 

We end this chapter by also discussing the embedding of type IIA orientifolds into 
a specific class of G2 compactifications of M-theory as suggested in [ST]. Restricting 
the general results of |82l HSl [83l HH [85] to a specific G2 manifold and neglecting the 
contributions arising from the singularities we show agreement between the low energy 
effective actions [H]. In [H] we discovered that only parts of the orientifold flux su- 
perpotential decent from fluxes in an M-theory compactifications on manifolds with G2 
holonomy. However, as we will argue one of the missing terms is generated on G2 struc- 
ture manifolds with non-trivial fibrations. However, the higher- dimensional origin of the 
term involving the mass parameter of massive type IIA supergravity remains mysterious. 

This article is mainly based on the publications [39] and 01] of the author. However, 
we also present various new results. Namely, it turns out to be possible to reformulate 
the results of [391 HI] in a very elegant and powerful way adapted to Hitchin's analysis 
of special even and odd forms on six-manifolds [7^1 IBS]- This allows for a better un- 
derstanding of the N=l moduli space inside the quaternionic manifold and suggests a 
generalization to non-Calabi-Yau orientifolds. Moreover, we included a detailed analysis 
of the orientifold limit of the F-theory embedding of type IIB orientifolds. In addition 
we identify the higher-dimensional origin of a second flux term of the IIA orientifold 
superpotential being due to a non-trivial fibration of a G2 structure manifold. 
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Chapter 2 



Calabi-Yau compactifications of 
Type II theories 

In this section we review compactifications of type IIA and type JIB supergravity on a 
Calabi-Yau manifold Y. Tliese lead to = 2 supergravity theories in four dimensions 
expressed in terms of the characteristic data of the Calabi-Yau space. We start our 
discussion with some mathematical preliminaries. In section 12.11 we introduce Calabi- 
Yau manifolds and give a short description of their moduli spaces. In a next step we turn 
to compactifications of IIA and IIB supergravity on Calabi-Yau manifolds in section 12.31 
and 12.21 Finally, in section [2]4] we give a brief account of A^ = 2 mirror symmetry applied 
at the level of the effective action. The mirror map for the quaternionic moduli spaces 
will be constructed. 



2.1 Calabi-Yau manifolds and their moduli space 

String theory is consistently formulated in a ten-dimensional target space. In order to 
reduce to a four-dimensional observable world, we choose the background to be of the 
form A4iQ = M^'^ x F as already given in fll.ll) . Here F is a compact six-dimensional 
manifold, which, in principle, we are free to choose. Due to this Ansatz, the Lorentz 
group of A^io decomposes as S0{9, 1) — > S0{3, 1) x S0{6), where 5*0(6) is the generic 
structure group of a sixfold. However, demanding Y to preserve the minimal amount 
of supersymmetry one has to pick a manifold with structure group SU{3). They admit 
one globally defined spinor rj, since the 50(6) spinor representation 4 decomposes to 
1 © 3. Further demanding this spinor rj to be covariantly constant reduces the class of 
background manifolds to manifolds with SU{3) holonomy [3j. These spaces are called 
Calabi-Yau manifolds and are complex Kahler manifolds, which are in addition Ricci flat 
[86]. 

In terms of 7] one can globally define a covariantly constant two-from J (the Kahler 
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form) and a three-form Q (the holomorphic three- form). For a fixed complex structure 
these fulfiU the algebraic conditions 

JAJAJoc^aO, JAn = 0. (2.1) 

where the proportionality factor depends on the normalization of Q with respect to 
J. Performing a Kaluza-Klein reduction on the background fll.ip the massless four- 
dimensional fields arise as the zero modes of the internal Laplacian (11.31) [3, 4J. These 
zero modes are in one-to-one correspondence with harmonic forms on Y and thus their 
multiplicity is counted by the dimension of the non-trivial cohomologies of the Calabi-Yau 
manifold. The Calabi-Yau condition poses strong constraints on the Hodge decomposition 
of the cohomology groups. The only non-vanishing cohomology groups are the even and 
odd cohomologies 

jjev ^ ^(0,0) ^ ^(1,1) ^ jj(2,2) ^ ^(3,3) ^ (2.2) 
^odd ^ ^(3,0) ^ ^(2,1) ^ ^(1,2) ^ ^(0,3) _ 

Their dimensions h^P'*^^ = dim if^P-'J) can be summarized in the Hodge diamond as follows 

him h{o,i) 

h{2,o) h{i,i) /^(o,2) /i(i'i) 

^(3,0) h(2,l) h^l,2) /^(0,3) ^ 1 hi2,l) hi2,l) ^ _ (2.3) 

h{3,l) h{2,2) h{l,3) /l(l'l) 

/,(3,2) /^(2,3) 

/,(3,3) I 



Let us introduce a basis for the different cohomology groups by always choosing the unique 
harmonic representative in each cohomology class. The basis of harmonic (1, l)-forms 
we denote by cua with dual harmonic (2, 2) -forms u'^ which form a basis of H^'^''^\Y). 
(oj^, P^) are harmonic three-forms and form a real, symplectic basis on H^^^ {¥). Together 
the non-trivial intersection numbers are summarized as 

J^ujaACj'' = 6^ , ^a^A/3^ = 4, (2-4) 

with all other intersections vanishing. Finally, we denote by vol(Y) the harmonic vol- 
ume (3, 3)-form of the Calabi-Yau space. In Table 12.11 we summarize the non-trivial 
cohomology groups on Y and denote their basis elements. 

In sections 12.21 and 12.31 we explain how these harmonics yield four-dimensional mass- 
less fields, when expanding the ten-dimensional supergravity forms. Furthermore, there 
are additional massless modes arising as deformations of the metric Qij. Considering vari- 
ations Rmnig + Sg) of the Ricci-tensor which respect the Ricci-fiatness condition = 
forces Sg to satisfy a differential equation (the Lichnerowicz equation). Solutions to this 
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/7(2,2) 


7,(1.1) 




if(3) 


2/i(2.i) + 2 




i7(2,i) 


/,{2,1) 




Ji/-(3,3) 


1 


vol 



Table 2.1: Cohomology groups on Y and their basis elements. 



equation can be identified in case of a Calabi-Yau manifold with the harmonic (1,1)- and 
(2, l)-forms, which parameterize Kahler structure and complex structure deformations of 
Y [871 EHl [86]. The deformations of the Kahler form J = igijdy'^ A dy^ give rise to /i*^^'^-* 
real scalars and one expands 

Qi] + ^Qi] = -i Jij = -i {ujA)ij , A= 1,..., /i^^'^) . (2.5) 

These real deformations are complexified by the h^^'^^ real scalars 6^(x) arising in the ex- 
pansion of the B-field present in both type 11 string theories. More precisely we introduce 
the complex fields 

t^ = b^+iyA^ ^2.6) 

which parameterize the /i'-^'^-'— dimensional complexified Kahler cone |89j. 

The second set of deformations are variations of the complex structure of Y. They 
are parameterized by complex scalar fields and are in one-to-one correspondence with 
harmonic (1, 2)-forms 

S9^j = z'^ixKhj^'^j , K = l,..., , (2.7) 

where f2 is the holomorphic (3,0)-form, xk denotes a basis of H^^''^^ and we abbreviate 

I 1^1 I — '^^ijk^ '^ • 

Together the complex scalars z^ and span the geometric moduli space of the 
Calabi-Yau manifold. It is shown to be locally a product 

M^' X M^' , (2.8) 

1 Globally only those deformations are allowed which keep the volume of Y as well as its two- and 
four-cycles positive, i.e. J-^, J A J A J > 0, /^^ J A J > and Jg^ J > 0. These conditions are preserved 
under positive rescahngs of the fields v^, such that they span a /i^i'i)— dimensional cone. 
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where both factors are special Kahler manifolds of complex dimension /i^^'^^ and h^-^'^^ 
respectively. To make that more precise let us first discuss J\4'^^. Its metric Gj^i is given 

by in Eg EH 

Iy Xk a XL 



G 



KL 



fy n An 



(2.9) 



where xk is related to the variation of the three-form Q via Kodaira's formula 

Xk{z, z) = d,Kn{z) + n{z) d.KK"' . (2.10) 

With the help of (12.101) one shows that G^i is a Kahler manifold, since we can locally 
find complex coordinates and a function K{z, z) such that 
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where the holomorphic periods , Tf^ are defined as 
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(2.11) 



n(z) A /3 



K 



Y 



Vl{z) a a 



K ' 



or in other words VL enjoys the expansion 



n{z) = Z''{z)a^-TK{z)(3 



Y 



K 



(2.12) 



(2.13) 



The Kahler manifold Ai^^ is furthermore special Kahler, since J-'j^ is the first derivative 
with respect to Z^ of a prepotential JF = |Z^JF^. This implies that G^i is fully encoded 
in the holomorphic function JF. 

Note that is only defined up to complex rescalings by a holomorphic function e"'^*^^^ 
which via (12.111) also changes the Kahler potential by a Kahler transformation 



n 



K^^ + h + h . 



(2.14) 



This symmetry renders one of the periods (conventionally denoted by Z^) unphysical in 
that one can always choose to fix a Kahler gauge and set Z^ = 1. The complex structure 
deformations can thus be identified with the remaining /i*^^'^) periods Z^ by defining the 
special coordinates z^ = Z^ /Z^. A more detailed discussion of special geometry can be 
found in appendix [Bl 

Let us next turn to the second factor in (12.81) spanned by the complexified Kahler 
deformations t^. The metric on A4^^ is given by [90l [89] 



uja a *UJb 



Y 



AB 



3 KaK^b 
2 K? 



dtadtsK 



ks 



(2.15) 



where * is the six-dimensional Hodge-* on Y and the Kahler potential K is given by 



K"^' = - In [|/CABc(t - tf{t - t)^{t - t)^] = - In |/C 



(2.16) 



2.2 Type IIA on Calabi-Yau manifolds 



23 



where ^/C is the volume of the Calabi-Yau manifold. We abbreviated the intersection 

6 

numbers as follows 

JCabc = j ujAf\^B f\^c , ^AB = j ujaAujb AJ = K:abcv'^ , (2.17) 

}Ca = j uoaAJ AJ = ^CabcV^v^ , IC = j J AJ AJ = JCabcV^v^v^ , 

with J = v^uoa being the Kahler form of Y . The manifold is once again special 
Kahler, since K^^ given in (12.161) can be derived from a single holomorphic function 
f{t) = -iKABctHH"^ via dBUD. 



2.2 Type IIA on Calabi-Yau manifolds 

Let us now apply these tools in Calabi-Yau compactifications of type llA supergravity 
following [911 [92] . This theory is the maximally supersymmetric theory in ten spacetime 
dimensions, which posses two gravitinos of opposite chirality. It is naturally obtained 
as the low energy limit of type llA superstring theory. Thus the supergravity spectrum 
consists of the massless string modes. The bosonic fields are the dilaton 0, the ten- 
dimensional metric g and the two-form Bo in the NS-NS sector, while the one- and 
three-forms Ci^Cj, arise in the R-R sector (□ Using form notation (our conventions are 
summarized in appendix [A|) the corresponding ten-dimensional type llA supergravity 
action in the Einstein frame is given by [1| 

j -\R * 1 - |# A *4 - \e-^H^ A *Hs - \e^^F2 A *F2 

-|e5<^F4 A *F4 - A F4 A F4 , (2.18) 

where the field strengths are defined as 

H3 = dB2, F2 = dCi, F^ = dC^-CiAHs . (2.19) 

In order to dimensionally reduce type llA to a four-dimensional theory, we make the 
product Ansatz M^'^ x Y and perform a Kaluza-Klein reduction. Since Y is a Calabi- 
Yau manifold it posses one covariantly constant spinor 77. Decomposing the two ten- 
dimensional gravitinos into t] times some four-dimensional spinor leads to two gravitinos 
in D = 4. Hence, compactifying type llA supergravity on a Calabi-Yau threefold Y 
results in an A = 2 theory in four space-time dimensions and the zero modes of Y 
have to assemble into massless N = 2 multiplets. These zero modes are in one-to- 
one correspondence with harmonic forms on Y and thus their multiplicity is counted 
by the dimension of the non-trivial cohomologies of the Calabi-Yau manifold. For the 



(10) 
IIA 



^We use a 'hat' to denote ten-dimensional quantities and omit it for four-dimensional fields. 
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dimensional reduction one chooses a block diagonal Kaluza-Klein Ansatz for the ten- 
dimensional background metric 

ds^ = T]f,^{x) dx^dx" + Qijiy) dy'dy^ , (2.20) 

where t]^,,, ^,iy = 0, . . . , 3 is a four-dimensional Minkowski metric and gij^i^j — 1 . . .3 
is a Calabi-Yau metric. Part of the four dimensional fields arise as variations around 
this background metric. They correspond to the four-dimensional graviton and the ge- 
ometric deformations v^{x) and z^{x) defined in f l2.5l) and (12.71) . Variations of the 
off-diagonal entries of this metric vanish due to the fact that Y does not admit harmonic 
one-forms. Accordingly we expand the ten-dimensional gauge-potentials introduced in 
(I2.19P in terms of harmonic forms on Y 

Ci = A\x) , B2 = B2ix) + b^{x)ujA , A = , (2.21) 

= A^{x)AuA+^^{x)aj,-i^{x)P^, k = 0,...,h'^'''K 

Here b^, are four- dimensional scalars, ^4°, A-^ are one-forms and B2 is a two-form. 

The ten-dimensional one-form Ci only contains a four- dimensional one-form A^ in the 
expansion (12.211) since a Calabi-Yau threefold has no harmonic one-forms. 

The geometric deformations v"^, together with the fields defined in the expansions 
(I2.2ip assemble into a gravity multiplet {g^j,^A^)^ h^^'^^ vector multiplets {A'^,v^,b^), 
/;,{2,i) hypermultiplets {z^ ,$,k) and one tensor multiplet (-B2, 0, ^0) where we only 
give the bosonic components. Dualizing the two-form B2 to a scalar a results in one 
further hypermultiplet. We summarize the bosonic spectrum in table [2TT1 



gravity multiplet 


1 




vector multiplets 


/,(!,!) 


(^^,^;^,6^) 


hypermultiplets 


/,(2,1) 


(^^,e^,a) 


tensor multiplet 


1 


{B2,(p,e,io) 



Table 2.1: N = 2 multiplets for Type IIA supergravity compactified on a Calabi-Yau manifold. 

In order to display the low energy effective action in the standard N = 2 form one 
needs to redefine the field variables slightly. One combines the real scalars v^, b^ into 
complex fields as done in (12. 6p and defines a four- dimensional dilaton D according to 

= e'^(/C/6)-5 , (2.22) 

where /C is defined in (I2.17p . Note that v^, and hence the volume /C/6 = Vol5(Y), are 
evaluated in string frame. In this frame the ten-dimensional Einstein-Hilbert term takes 
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the form f ^e~'^'^R * 1 and J = v^uja is obtained from the internal part of this string 
frame metric. The kinetic term for the ten-dimensional Einstein frame metric reads 
j \R* 1 and hence J is related to Je in the Einstein frame via J = c'^^'^Je- Inserting the 
field expansions (12.211) into (12.191) . (I2.18p . reducing the Riemann scalar R by including 
the complex and Kahler deformations and performing a Weyl rescaling to the standard 
Einstein-Hilbert term, one ends up with the four- dimensional N = 2 effective action 
[931EI1192] 

4a = j -\R*l + \lmNABF^ + \^^^abF^ (2-23) 

-Gab dt"^ A *c/t^ - dq^ A ^dq" , 

where F"^ = dA^. The couplings of the vector multiplets in the action (12.231) are encoded 
by the metric Gab and the complex matrix A/"^^. Gab only depends on the moduli 
(or rather their imaginary parts) and is defined in (12.151) and (12.161) . The gauge- kinetic 
coupling matrix A/"^^ also depends on the scalars and is given explicitly in (IB.lOp . 
It can be calculated from the same holomorphic prepotential like Gab as explained in 
appendix [Bl 

Next let us turn to the couplings of the hyper mult iplet sector which are encoded in 
the quaternionic metric huv From the Kaluza-Klein reduction one obtains 



K^dq^'dq" = {dDf + GKidz^dz^ + \e^^{da-{l^di^ -i^dlj^)Y (2.24) 

-\e^^{lm M)-' ^'"^{dU - M^^de) {d^t -Mi^,de') , 

where G^i is the metric on the space of complex structure deformations given in (12.91) 
and (12.111) . The complex coupling matrix Aij^i appearing in (12.241) depends on the 
complex structure deformations and is defined as [94j 



'KL ' 



jaj^A*ai = -{lmM + iReM){lmM)-\ReM))j 

p^A*(3^ = -{ImM)-^^^, (2.25) 
jaj^A*p^ = -((ReA^)(lm A^)- 



'K 



It can be calculated from the periods (I2.12p by using equation f lB.15p . Thus also in the 
hypermultiplet sector all couplings are determined by a holomorphic prepotential and 
such metrics have been called dual or special quaternionic [551 l^j - 

As we have just reviewed the N = 2 moduli space has the local product structure 



j^SK ^ j^Q ^ ^2.26) 
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where Ai = Ai is the special Kahler manifold spanned by the scalars in the vector 
multiplets or in other words the (complexified) deformations of the Calabi-Yau Kahler 
form and is a dual quaternionic manifold spanned by the scalars in the hyper- 
multiplets. Ai^ has a special Kahler submanifold spanned by the complex structure 
deformations A^"^*^. 

This ends our short review of Calabi-Yau compactifications of type IIA supergravity. 
There is a second N = 2 supersymmetric theory in ten dimensions which is the low 
energy effective theory of type IIB string theory. Reviewing the Calabi-Yau reduction of 
this theory will be the task of the next section. 



2.3 Type IIB on Calabi-Yau manifolds 

Now we turn to the review of type IIB compactifications on Calabi-Yau spaces [72] . 
Type IIB supergravity is maximal supersymmetric in ten dimensions and possesses two 
gravitinos of the same chirality. It consists of the same NS-NS fields as type IIA: the 
scalar dilaton 0, the metric g and a two- form i?2- In the R-R sector type IIB consists of 
even forms, the axion Cq, a two-form C*2 and a four-form C*4. The low energy effective 
action in the D = 10 Einstein frame is given by [1] 

S\f^ = J -^R*l-ld(PA*d^~le-^H3A*H3 (2.27) 

with the field strengths defined as 

^3 = dB2 , A = dCo , Fg+i = dCg -C,-2AHs, g = 2, 4 . (2.28) 

The self-duality condition F5 = *F^ is imposed at the level of the equations of motion. 

As in the type IIA compactifications discussed in the previous section we use the 
Ansatz (I2.20p for the ten-dimensional background metric. Fluctuations around this back- 
ground metric are parameterized by the four- dimensional graviton g^j^i, and the geometric 
deformations of the Calabi-Yau metric. More precisely, we find h^^'^^ real Kahler struc- 
ture deformations introduced in (12.51) and h^'^'^^ complex structure deformations 
introduced in (12. 7p . The type IIB gauge potentials appearing in the Lagrangian (12.271) 
are similarly expanded in terms of harmonic forms on Y according to 

B2 = B2{x)+b^{x)iUA , C2 = C2ix)+c^{x)uA , A = 1, . . . , h^^^^^ , (2.29) 
C4 = D^{x)AujA + V^{x)Aaji-Uj^{x)A(3^ + PA{x)u^, K = 0, . . . ,h^^''^\ 

The four-dimensional fields appearing in the expansion (I2.29P are the scalars 6^(x), c^(x) 
and Pa{x), the one- forms V^{x) and Uf.{x) and the two- forms i?2(a;), C2(x) and i5^(x). 
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The self-duality condition of eliminates half of the degrees of freedom in C*4 and in 
this section we choose to eliminate Z)^ and Uf^ in favor of pA and . Finally, the two 
type IIB scalars 0, Cq also appear as scalars in D = 4 and therefore we drop the hats 
henceforth and denote them by 0, Cq. 

In summary the massless D = 4 spectrum consists of the gravity multiplet with 
bosonic components {g^^^ V^)^ h^"^'^^ vector multiplets with bosonic components {V^ ^ z^), 
hypermultiplets with bosonic components {v'^,b'^, c^, pa) and one double-tensor 
multiplet [96J with bosonic components {B2, C2, 4>, Co) which can be dualized to an ad- 
ditional (universal) hypermultiplet. The four-dimensional spectrum is summarized in 
Table O 



gravity multiplet 


1 




vector multiplets 


/,(2,1) 




hypermultiplets 




iv^,b^,c^,PA) 


double-tensor multiplet 


1 


(^2,^2,0, Co) 



Table 2.1: N = 2 multiplets for Type IIB supergravity compactified on a Calabi-Yau manifold. 



The N = 2 low energy effective action is computed by inserting fl2.28p and (I2.29p into 
the action fl2.27p and integrating over the Calabi-Yau manifold. For the details we refer 
the reader to the literature [72l [T3| [2H [26] and only recall the results here. One finds 

-GKhdz^ A *dz^ - GABdt"^ A *dt^ - dD A *dD - ^e^^O/ A *dl 

-le^^KGAB {dc^ - Idb^) A * [dc^ - Idh^) (2.30) 

-^e^'^G^^{dpA - ICABCC^dlF) A*{dpD - KoEFC^dh^) 

-\e-^^dB2 A *dB2 - ^e-'^^}C{dG2 - ldB2) A*{dC2 - /rf^s) 

-ldC2 A [pAdb"^ - b'^dpA) + \dB2 A c'^dpA - -^ICabcc'^c^ dB2 A db^ , 

where F^ = dV^ . The gauge kinetic matrix Ai^^i is related to the metric on H^{Y) 
and given in (12.250 . The metric Gxii^jz) which appears in (I2.30p is the metric on the 
space of complex structure deformations given in (12. lip . It is a special Kahler metric 
in that it is entirely determined by the holomorphic prepotential J^{z) [HHl EH]. On the 
other hand, the metric Gab in (I2.30p is the metric on the space of Kahler deformations 
defined in f l27[5|) . 

In order to entirely express (12.300 in terms of vector- and hypermultiplets we dualize 
the D = 4 two-forms -82,^2 to scalar fields. This can be done, since B2 and C2 are 
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massless and posses the gauge symmetries C2 — C2 + dAi and B2 — > B2 + dAi. Let 
us first dualize C2. We replace dC2 with D3 and add the Lagrange multiplier ^hdD^ 
such that the differentiation with respect to h yields dD^ = 0. Locally this ensures that 
D3 = dC2 for some two- form C2. The terms in f l2.30p involving are simply 

Cc, = -f (/^3 - Co dB2) A*{Ds- Co dB2) - AJi + ^D^ A dh , (2.31) 

where we abbreviated g = |e~^-^/C and Ji = pAdb^ — b^dpA- Now we can consistently 
eliminate D3 in favor of h by its equation of motion. The dualized Lagrangian takes the 
form 

Ch = -j-g{dh - I Ji) A*{dh- \Ji) + \Co dB2 A {dh - . (2.32) 

Similarly we can dualize the two-from B2 into a scalar h. Having replaced C2, B2 by h, h 
in fl2.30p the effective action can be written in the standard N = 2 form ^71 EHl E3] 

j -\R*l + \ReM klF^ A + \lmM ^iF^ A *F^ 

-GKhdz^ A *dz^ - hpg dqP A *dq'^ , (2.33) 

where denote the coordinates for all h^^'^^ + 1 hypermultiplets. The metric hpg is a 
quaternionic metric explicitly given by P2| 

hpgdqPdq'i = {dDf + GABdt^dt^ + ^^e^^lC{dCof 

+ \e^^lCGAB {dc^ - Co db^) [dc^ - Co db^) (2.34) 

+ ^e2^G^^(dpA - ICABCC^'db^) {dpD - JCoEFC^'db^) 

+ - lipAdb"^ - b'^dpA))^ 

+ \e^^{dh + Codh + c^dpA + \Co {pAdb^ - b^dpA) - IKabcc^c'^ db'^f . 

In summary the scalar moduli space A^^^ x A^*^ of the N = 2 theory is the product of 
a quaternionic manifold Ai^ spanned by the scalars with metric fl2.34p and a special 
Kahler manifold Ai^^ = Ai'^^ spanned by the scalars . The complexified Kahler 
structure deformations span a special Kahler manifold inside A4^. In [92] it was 
shown that the quaternionic space can be constructed from the prepotential of M.^^ such 
that is a special quaternionic manifold. 

This ends our brief summary of type IIB compactified on Calabi-Yau threefolds and 
its iV = 2 low energy effective action. We have seen that the effective actions of the 
type IIA and type IIB indeed take the standard N = 2 form. In both cases the metrics 
on the special Kahler and special quaternionic manifold are encoded by a corresponding 
prepotential. However, the role of the Kahler and complex structure deformations is 
exchanged in type IIA and type IIB compactifications. As we will discuss momentarily 
this can be traced back to an underlying symmetry which finally enables us to identify 
both effective theories in the large volume - large complex structure limit. 



S 
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2.4 N=2 Mirror symmetry 

In this section we briefly discuss mirror symmetry for Calabi-Yau compactiflcations |65j . 
From a mathematical point of view, mirror symmetry is a duahty in the moduh space of 
Calabi-Yau manifolds. It states that for a given Calabi-Yau manifold Y, there exists a 
mirror Calabi-Yau Y such that 

= /,(2.i)(y) , = . (2.35) 

Applied to the Hodge diamond (12.31) this amounts to a reflection along the diagonal. 
In other words, mirror symmetry identifles the odd and even cohomologies (12. 2p of two 
topological distinct Calabi-Yau spaces 

ffev^Y) ^ H°'^\Y) , H°'^{Y) = H^\Y) . (2.36) 

Moreover, it is much stronger than that, since it also implies an identiflcation of the 
moduli spaces of deformations of Y and Y . As given in (12.81) the geometric moduli space 
of a Calabi-Yau manifold is a local product of two special Kahler manifolds Ai^^ and 
M.^^. Their complex dimensions are exactly given by and /i^^'i). Motivated by 

(I2.35P mirror symmetry conjectures the identiflcations 

JW{Y) = M^'{Y) , M'^'iY) = M^%Y) , (2.37) 

as special Kahler manifolds. Recall that the geometry of Ai^'^lY) and Ai'^^{Y) are encoded 
in the variations of the holomorphic three-forms Q and Q of the two Calabi-Yau manifolds 
Y and Y. These can be expanded in a real symplectic basis of H^{Y) and H^{Y) 
respectively 

n{z) = Z'^a^ - , n{z) = Z^a^ - T^(3^ , (2.38) 

Under the large volume mirror map the coordinates on the two manifolds M^^{Y) and 
TW'^CK) as well as M'^'^iY) and M^'^iY) are identifled as 

= Z^{i)lZ\i) , Z''{z)/Z\z) = F (2.39) 

where and are the complexifled Kahler deformations of Y and Y. Equation (12.391) 
implies that t^,i^ are identifled with special coordinates on Ai'^^. Furthermore, recall 
that due to the special Kahler property the metric on both moduli spaces is encoded by 
a prepotential. Applying (12.371) it follows that these prepotentials /y(t) and /y(5) as 
well as friz) and /y(t) are identifled under mirror symmetry. One immediately notices, 
that this can not be the full truth, since Ai^ and Ai'^^ have a different structure. Ai^ 
is a cone and admits the simple prepotential f{t) = —^JCABct^t^t'"^ while the metric on 
Ai'^^ is determined in terms of the (generically complicated) periods of the holomorphic 
three-form. Hence, one expects corrections to /y(t) and /y(t). These corrections get a 
physical interpretation as soon as mirror symmetry is embedded in string theory. They 
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are due to strings wrapping two-cycles in Y called world-sheet instantons. Schematically 
one identifies 

fy(t) =t' + 0{e'') = fy{~z) , fy{z) = P + 0{e-') = fy{i) . (2.40) 

One can also turn the argument around and use mirror symmetry as a very powerful 
tool to calculate the world-sheet instanton corrections (9(e~*) as done in the pioneering 
paper [22] • In most cases this is much simpler then a direct calculation of the world-sheet 
instanton contributions. 

The most prominent applications of mirror symmetry in string theory is the identifica- 
tion of type IIA string theory compactified on Y with type IIB string theory compactified 
on Y. It matches the full string theories including their low energy limits and supersym- 
metric D-brane states. With the material presented in this chapter we can check it on 
the level of the effective action by comparing fl2.23l) with fl2.33p . This amounts to match- 
ing the moduli spaces of the corresponding four-dimensional N = 2 theories which take 
the standard N = 2 form fl2.26l) . Since we already discussed the special Kahler part in 
f l2.26p . let us now concentrate on the quaternionic manifolds Ai^{Y) and Ai^{Y). In 
accordance with fl2.36p and (12.390 one identifies the basis elements (1, tUi^, tu^, vol(F)) of 
H^'^iY) with the basis {a^,l3^) of H°'^'^{Y) as 

1 ^ ao , cok^cxk , vol(r) ^ /3° , Cd^ ^ . (2.41) 

We will work in this basis in the following. Let us now construct the explicit map for the 
quaternionic coordinates by using a slightly non-standard argument. We intend to apply 
the fact, that the fields of the quaternionic space describe the coupling to D-branes, which 
are extended non-perturbative objects present in both type II string theories. We will 
discuss the low energy dynamics and supersymmetry conditions of these objects more 
carefully in section [XT! All we need for constructing the mirror map for the quaternionic 
spaces is there coupling to the R-R forms in the supergravity theory and some information 
about supersymmetric branes in type IIA and type IIB string theory. It will become clear 
in section 13. ![ that the only supersymmetric Euclidean D-branes wrapping a cycle in a 
Calabi-Yau manifold are D2 branes in Type IIA and D{—1), Dl, D3 and D5 branes in 
type IIB. The Chern-Simons action describes the coupling of the brane world- volume to 
the forms 

IIA: {J2 CpA e-^'h , IIB: {J^CpA e"^^), , g = 0, 2, 4, 6 , (2.42) 

p even p odd 

where Cp and B2 are the ten-dimensional R-R and NS-NS forms introduced in sect ion [2^ 
and 12. 3[ By (. . .)q we indicate that we only consider the g— form appearing in the sum 
of forms inside the parenthesis. Supersymmetry implies that the Euclidean D-branes, 
wrap cycles which are dual to harmonic forms. But the only odd harmonic forms are 
/?^), while the even harmonic forms are {1,ujk,uj^ ,vol{Y)). Next we match the 
Chern-Simons couplings (12.420 for IIA and IIB Euclidean D-branes. We decompose 
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fl2.42p on the respective coliomology basis elements by using the expansions fl2.29p of 
B2 and the R-R forms Co, C'2, C4. as well as the expansion (12.211) of C3. Applying the 
identification fl2.4ip of the basis forms we find for the coefficients of and {1,ujk) that 

e = Co, e = c^- Co . (2.43) 

Identifying the coefficients of and {0^ , vol(y)) yields higher powers in B2 and we find 
I 

U = Pk - ICKLMc'-b'' + JCKLMb'-b'^' , (2.44) 

It remains to identify the space-time two-forms from the NS-NS sectors. Since B2 and 
B2 are the only remaining two-forms in the spectrum, we are forced to set 5^ = B2 ■ 
Dualized into scalars this amounts to 

a = 2h + Coh + pk{c^ -Cob^) (2.45) 

Thus, by using the explicit form of the Chern-Simons coupling to D-branes, one can 
infer the mirror map for the coordinates on the quaternionic space. Of course, that the 
established map indeed transforms h^^ given in (12.240 into h^^ given in (I2.34p can be 
checked by direct calculation as done in [72] . 

This ends our review section on Calabi-Yau compactifications of type IIA and type 
IIB supergravity. We now turn to their orientifold versions which break = 2 to = 1. 
The aim of the next chapter is to determine the characteristic data of the resulting 
supergravity theory. 



•^We have replaced / Cg by h + ^pAb"^ . This can be done since Cg is dual to C2, which was dualized 
to h in ((2:321) . 
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Chapter 3 



Effective actions of Type II 
Calabi-Yau orientifolds 

In this chapter we discuss the four-dimensional low energy effective supergravity theory 
obtained by compactifying type IIA and type JIB string theory on Calabi-Yau orientifolds. 
Before entering the calculations we review some aspects of D-branes and orientifolds in 
section [Xn In particular, we introduce the low energy effective action for D-branes. Later 
on this will allow us to comment on corrections due to wrapped Euclidean D-branes to 
the bulk supergravity theory. As we already explained in section 11.21 the inclusion of 
space-time filling D-branes is essential for consistency. However, we freeze their moduli 
and matter fields such that they do not appear in the low energy effective actionj^ In a 
next step we turn to the main issue of this chapter and perform a Kaluza-Klein reduction 
by implementing the orientifold conditions and extract the resulting = 1 supergravity 
theory (sections 13.21 - . Specifically we determine the Kahler potential and the gauge- 
kinetic coupling functions encoding the low energy effective theory. We end our analysis 
by checking mirror symmetry in the large complex structure and large volume limit in 
section 13.51 A derivation of a flux induced superpotential and possible gaugings will be 
presented in chapter O 

3.1 D-branes and orientifolds 

In this section we provide more details on D-branes and orientifolds as used in the con- 
struction of brane-world scenarios. As already mentioned in section 11.21 brane world 
scenarios are currently one of the promising approaches to construct phenomenologically 
interesting models from string compactification ^48j. They consist of space-time filling 
D-branes serving as source for Abelian or non-Abelian gauge theories. String theory 

^This restriction was weakened e.g. in [5T1 1100| . where the couphng to D3- and Z?7-banc moduh was 
determined by using the low energy effective action of the D branes. 
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implies a low energy effective action for this gauge theory as well as the couplings to the 
bulk fields introduced in chapter [2l More precisely, the gauge theory and the coupling to 
the NS-NS fields 0, g and B2 is captured by the Dirac-Born-Infeld action. The most sim- 
ple example is provided by a single Dp-hrane, which admits an U{1) gauge theory on its 
p+l-dimensional world- volume. The corresponding bosonic part of the Dirac-Born-Infeld 
action reads in string frame [511 H] 

•^DBi = -Tp d^^^i - det (^*(^ + B^)^, + 27r«'F^,) , (3.1) 

where Tp denotes the brane tension. The integral is taken over the p + 1-dimensional 
world- volume W of the Dp-brane, which is embedded in the ten-dimensional space-time 
manifold A^io via the map : W ^ A^io- The Dirac-Born-Infeld action (13.11) contains 
an U{1) field strength F^p = 2d[jxAp^, which describes the U{1) gauge theory to all orders 
in a'F [lOlj . To leading order, the gauge theory reduces to an U{1) gauge theory on 
the world-volume W of the brane. The dynamics of the Dp-brane is encoded in the 
embedding map ip. Fluctuations around a given ip are parameterized by charged scalar 
fields, which provide the matter content of the low-energy effective theory. 

Since Dp-branes also carry R-R charges [50], they couple as extended objects to ap- 
propriate R-R forms of the bulk, namely the p + 1-dimensional world-volume couples 
naturally to the R-R form Cp+i. Moreover, generically D-branes contain lower dimen- 
sional D-brane charges, and hence interact also with lower degree R-R forms [102] . All 
these couplings to the bulk are implemented in the Chern-Simons action 

Scs = f^p [ V'* ( V A e-^^) A e^™'^ , (3.2) 

where fip is the charge of the D-branes. The lowest order terms in (13. 2p in the R-R 
fields are topological and represent the R-R tadpole contributions to the low energy 
effective action. Additionally, (13.21) encodes the coupling of the gauged matter fields 
arising from perturbations of to the R-R forms. The effective actions (13. ip and (13.21) 
can be generalized to stacks of D-branes |103j . This gives rise to non-Abelian gauge 
theories and appropriate (intersecting) embeddings can yield Standard Model like gauge 
theories [i8] . 

Generic brane world scenarios lead to non-supersymmetric low energy theories, which 
are plagued by various instabilities due to runaway potentials for the bulk moduli. In 
contrast, supersymmetric setups are under much better control and are therefore phe- 
nomenologically favored. However, the aim to preserve some supersymmetry poses strong 
conditions on the D-branes present in the setup. D-branes which preserve half of the 
original supersymmetries are called BPS branes and the corresponding supersymmetry 
conditions BPS conditions. In brane-world setups with a ten-dimensional background 
space-time of the form M^'^ x Y two types of branes will be of importance which preserve 
four dimensional Poncare invariance. Firstly, one includes D-branes filling the space-time 



3.1 D-branes and orientifolds 



35 



M^'^ and wrapping a cycle in the manifold Y. These provide the gauge theory and matter 
fields just discussed. Secondly, one might add Euclidean D-branes (called D-instantons) 
solely wrapping a cycle in Y. They induce corrections to the supergravity theory and 
their effects can be useful to stabilize bulk moduli. The BPS conditions for both types 
of branes demand that the brane tensions Tp and charg equal. This ensures 

stability since the net force between BPS branes vanishes [50]. Moreover, there are con- 
ditions on the cycles A^p in y wrapped by the branes. In |104j it was shown that in a 
purely metric background with Y being a Calabi-Yau manifold the only allowed cycles 
are special Lagrangian submanifolds of Y in type IIA and holomorphic submanifolds in 
type IIB. More precisely special Lagrangian submanifolds are three-cycles A*^^^ in Y for 
which 

vol(A(3)) = ^*{Ren) , if*{lmn) = , = , (3.3) 

where vol(A*^^)) = det^^'^{(f*g) d^X is the volume form on A*^^-*, J and Q are the Kahler 
form and holomorphic three-form of Y as in chapter [2] and cp defines the embedding of 
the D-brane into Y. On the other hand, holomorphic submanifolds are even- dimensional 
cycles A^^\A^^^ in Y satisfying 

vol(A(')) = ^*(J) , vol(A(4)) = i(^*(J A J) , ip*{n) = . (3.4) 

It can be shown that the conditions (13.31) and (13. 4p ensure that such cycles minimizes 
their volume in their homology classes (see e.g. |104] ). 

These conditions have to be adjusted as soon as one allows a non-trivial background 
of supergravity forms [105[ 1106] . As an example, the BPS conditions on the volume of 
the cycles in the presence of a non-trivial B2 field are given by [105j 

IIA: vobB/(AgJ,) = e-^''^" ^*{n) , (3.5) 
IIB: vobB/(Ag) = e-^--^*(e-^^+*^)^, g = 2,4,6, 

where voIdbi{-^dp) — det^''^((^*[(7-|-52]) d'^X is the Dirac-Born-Infeld volume form on A^^. 
qiSdp (denotes a constant phase which will be determined below. The BPS conditions 
involving the volume elements split into real and imaginary parts, where the imaginary 
part has to vanish on A^^ by using reality of vo\dbi{-^dp)- "^^^ cycles A^^ satisfying the 
conditions (13.51) are called calibrated with respect to the form e~*^°p Q in type IIA and 
calibrated with respect to e~*^^p e"'^^'^*"' in type IIB. In a setup with several D-branes 
some supersymmetry is preserved as soon as all D-branes are calibrated with respect to 
the same form. However, as we already explained in section [L2] this is not the end of the 
story, since consisted supersymmetric theories have to include negative tension objects 
such as orientifold planes pO] . 

Similar to D-branes, orientifold planes are hyper-planes of the ten-dimensional back- 
ground. They arise in string theories which contain non-orient able world-sheets. Orien- 
tifold theories can be constructed by starting from a closed string theory such as type 
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IIA or type IIB strings and dividing out a symmetry group EH] Ifl 

G U SVtp, (3.6) 

where G is a group of target space symmetries and Vtp is tlie world-sheet parity, exchang- 
ing left and right movers. S contains operations, which render SVtp to be a symmetry 
of the string theory. For orientifolds (13.61) consists of evidently perturbative symmetries 
of the string theory, which can be imposed order by order in perturbation theory and 
are believed to be unbroken also non-perturbatively. Specifically this implies that the 
orientifold projection can be consistently imposed in a low energy description. The orien- 
tifold planes are the hyper-surfaces left invariant by S. They naturally couple to the R-R 
forms and thus carry a charge. Moreover, they can have negative tensionjj This allows 
to construct consisted D-brane setups with some fraction of supersymmetry preserved. 
More precisely, in a background M^'^ x Y orientifold planes wrap cycles in Y arising as 
the fix-point set of S. If these are calibrated with respect to the same form as the cycles 
wrapped by the D-branes in the setup, the brane-orientifold setup can preserves some 
supersymmetry. We will comment on these conditions later on in this chapter. 

Before we define the precise orientifold projections relevant for this work in section 
13. 2[ let us first collect some possible symmetry operations allowed in 5*. In the simplest 
example S only consists of a target space symmetry a : A^io ^ A^io, such that fipO" is a 
symmetry of the underlying string theory. This will be the case for IIB orientifolds with 
05 or 09 planes. However, type IIB admits a second perturbative symmetry operation 
denoted by (—1)^^, where Fl is the space-time fermion number in the left-moving sector. 
Under the action of (—1)^^ R-NS and R-R states are odd while NS-R and NS-NS states 
are even. Orientifolds with 03 and/or 07 planes arise from projections of the form 
{—Vj^^Vtpij as we will argue below. In summary let us display the transformation behavior 
of the massless bosonic states under these two operations [U |52] 

Vtp : even: 0, g, Oi, O2, odd: Oq, ^2, O3, 04 , ,^ 

{-If^ : even: 0, g, B^, odd: Co, Oi, O2, 4, O4 , ^ ' ' 

where we have also displayed the transformation properties of the type IIA forms. With 
these transformations at hand one easily checks that flp as well as (—1)'^^ are symmetries 
of the ten-dimensional type IIB supergravity action. This is in contrast to type IIA. 
By using (13.71) one immediately notices that Qp, (—1)'^^ and (— l)^^fip alone are no 
symmetries of the type IIA effective action (I2.18p . However, orientifolds with 06 planes 
arise if S includes {—l)^'^Qp as well as some appropriatly chosen target space symmetry 
which ensures that SQp leaves (12.181) invariant. Let us now make this more explicite by 
properly defining the Calabi-Yau orientifold projections. 



^As usual, dividing out a symmetry can be understood as a gauge fixing. 

•^Note that orientifold planes are to lowest order non-dynamical in string theory. This is not anymore 
true to higher orders as can be inferred from their F-theory interpretation ^70j . 
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3.2 Orientifold projections 

After this brief introduction we are now in the position to specify the orientifolds under 
consideration and give an exphcit definition of the orientifold symmetry group (I3.6p . 
We start from type II string theory and compactify on a Calabi-Yau threefold Y . In 
addition we mod out by orientation reversal of the string world-sheet VLp together with 
an 'internal' symmetry a which acts solely on Y but leaves the D = 4 Minkowskian 
space-time untouched. We will restrict ourselves to involutive symmetries (a^ = 1) of 
Y and thus set G in (13.61) to be empty0 This avoids the appearance of further twisted 
sectors as they appear in general orbifold models |lU7j . In a next step we have to specify 
additional properties of a and the complete operation SVLp in order that it provides a 
symmetry of the string theory under consideration. To do that we discuss the type IIA 
and type IIB case in turn. 



Type IIB orientifolds 

Let us start with type IIB Calabi-Yau orientifolds and define the orientifold projections 
following [TOl I108[ [60l [62] . Later on, in section 13.31 we show that gauge- fixing these 
symmetries indeed leads to an iV = 1 supergravity theory. In type IIB consistency 
requires a to be an isometric and holomorphic involution of Y [601 ES] . A holomorphic 
isometry leaves both the metric and the complex structure of the Calabi-Yau manifold 
invariant. As a consequence also the Kahler form J is invariant such that 

a*J=J, (3.8) 

where a* denotes the pull-back of the map a. Hence in our analysis we focus on the 
class of Calabi-Yau threefolds which admit such an involution but within this class we 
leave the threefolds arbitrary. Since the involution is holomorphic it respects the Hodge 
decomposition (12.21) and we find in particular a*H^^'^^ = H^^''^\ Picking the holomorphic 
three-form as an representative of H^^'^^ and using that (cr*)^ = id one is left with two 
possible actions 

(1) 03/07 : a*Vl = -fi , (2) 05/09 : a*n = +fi . (3.9) 

Correspondingly, depending on the transformationproperties of Q two different symmetry 
operations O = S^p are possible [TOl HOHl [60l [62] @ 

= i-lf^np a , 0(2) =npa (3.10) 

where Qp is the world-sheet parity, is the space-time fermion number in the left-moving 
sector introduced at the end of section [3m This specifies the operation SQp in (13.61) and, 

"^Calabi-Yau manifolds have only discrete isometries. For example in the case of the quintic, a could 
act by permuting the coordinates such that the defining equation is left invariant. A classification of all 
possible involutions of the quintic can be found in ref. [62]. 

^The factor (—1)^^ is included in 0(1) to ensure that C^^^ = 1 on all states. 
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since G is empty, tlie complete orientifold projection. We are now in the position to check 
if the orientifold projections are indeed a symmetry of the bosonic ten-dimensional type 
IIB supergravity action (12.271) . We will do this check by concentrating only on some of 
the terms in (12.271) keeping in mind that the analysis for the remaining terms is analoge. 
The background M' = M^'^ x cr(F) denotes the image of M = M^'^ x Y under the 
geometric action a. Also inserting the cr-transformed fields into (12.271) one infers 

S^fl = [ {- \R9' * '1 - i^7"'^(9M0')(5iv0') * '1 - . . . - 1(7^ A F^) , (3.11) 

JM' 

where g' = a*g, (/)' = a*(j) etc. and the dots denote terms transforming similar to the 
kinetic term of 0'. The Hodge star *' is evaluated on the manifold with metric g' . 
Now we apply the properties of the involution. Since a is an isometry we find g = g' and 
due to the holomorphicity of a we can deduce that the ten-dimensional volume element 
*'l does not change sign in going from Jvi' to M.^ This ensures that the Einstein-Hilbert 
term takes the from J^, a*{—\R* 1) and by applying (]A.6P and (1A.7P is invariant under 



the isometric map a. A similar reasoning applies to all other terms in (13. lip and one 
concludes that the effective action (12.271) is indeed unchanged by a. Combined with 
the invariance of (12.271) under the world-sheet parity Vtp and (—1)^^ one infers that the 
orientifold operations (13.101) are symmetries of the effective theory. 

The fix-point set of the involutions a in (I3.10p determines the location of the orien- 
tifold planes. Modding out by 0{i) leads to the possibility of having 03- and 07-planes 
while modding out by 0{2) allows 05- and 09-planes. To see this, recall that the four- 
dimensional Minkowski space is left invariant by a such that the orientifold planes are 
necessarily space-time filling. Using the fact that a is holomorphic they have to be even- 
dimensional (including the time direction) which selects 03-, 05-, 07- or 09-planes as 
the only possibilities. The actual dimensionality of the orientifold plane is then deter- 
mined by the dimensionality of the fix-point set of a in F. In order to determine this 
dimensionality we need the induced action of a on the tangent space at any point of 
the orientifold plane. Since one can always choose f2 oc dy^ A dy^ A dy^ we see that for 
a*VL = —Vt the internal part of the orientifold plane is either a point or a surface of 
complex dimension two. Together with the space-time filling part we thus can have 03- 
and/or 07-planes. The same argument can be repeated for ij*VL = Q which then leads 
to the possibility of 05- or 09-planes. There are no models with 05 and 09 planes, 
since the appearance of a 09 plane implies that the complete background Aiio consist 
of fix-points of o" = id. The case of 09 planes is special and coincides with type I if one 
introduces the appropriate number of Z)9-branes to cancel tadpoles. 

Since the involution a is holomorphic the fix-point set of the involution are holomor- 
phic cycles Aop- This implies that they are calibrated with respect to the forms 1 and 
J A J in orientifolds with 03/07 planes and with respect to J or J A J A J in orientifolds 



^Herc WG have used (jA.Sp in order to give the component expression of the kinetic terms in (|2.27p . 
^Holomorphic maps do not change the orientation of M. 
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with 05 or 09 planes. More precicely, one finds that the volume forms on Aop equals 
the pull-back of e*'^ to the cycle 

vol(Aop) = e-''''^ e''\^^^ , 603/7 = , ^05 = f , ^09 = -f , (3.12) 

where the phase depends on the type of orientifold planes in the setup. Furthermore 
one has ^\aop = 0- Cycles fulfilling these conditions minimize their volume within their 
homology class. Note that similar to (13. 5p this condition has to be modified in the 
presence of a B2 field. In this case the form which calibrates the supersymmetric cycles 
is e~^2"'"*'^. Let us check whether the fix-point sets Aop of a remain calibrated. In the 
two orientifold setups only fields are kept in the spectrum which are invariant under 
the respective projection 0(i/2) given in (13.101) . Thus, by using (13.71) one infers that B2 
has to transform as a*B2 = —B2 for both orientifold projections. This implies that B2 
restricted to the fix-point set of a vanishes. |^ One concludes that the cycles Aop remain 
calibrated with respect to the generalized calibration form, i.e. 

vobB7(Aop) = e~''o,^-B2+^J\ ^ (313) 

where 6op is as given in (13.121) and vol£)B7(Aop) is defined as in (13. 5p . At this point, one 
can compare the calibration condition (I3.13P for the orientifold planes with the one for 
the Dp-branes given in (13.50 . In order to preserve some supersymmetry all orientifold 
planes and D-branes, have to be calibrated with respect to the same form. This implies 
that the phases O^p in (13. 5p have to coincide with 6op given in (I3.12p (see also [lOOj for the 
case of D3/D7 branes). This is equivalently true for Dg-instantons wrapping g + 1-cycles 
in Y. In supersymmetric setups with 0(g + 3) planes one has to set 9oq = do{q+3), where 
gifuq jg ^i^Q phase in the D-instanton calibration condition. 



Type IIA orientifolds 

Let us now turn to the type IIA Calabi-Yau orientifolds. In contrast to type IIB the 
orientifold projection has to include an anti-holomorphic and isometric involution a in 
order to preserve = 1 supersymmetry [GOf [6T| [62] . Hence, the Kahler form on Y 
transforms as 

a*J = -J , (3.14) 

since a preserves the metric but yields a minus sign when applied to the complex struc- 
ture. The complete projection takes the form 

O = {-if^Qpa . (3.15) 

®Here we abbreviate the formal sum of (g, g)-forms e^'' = I + iJ + ^ J A J — -^J A J A J. 
^Denoting p*i?2 = -B2IA0P the pull-back to the fix-point set Aop of cr it follows —p*B2 = p*{a*]32) = 
(cr o p)*I32 = P*B2 such that p*132 = 0. 
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In addition to tlie condition fl3.14p compatibility of a witli the Calabi-Yau condition 
VL /\VL (X. J /\ J /\ J implies that a also acts non-trivially on the three-form VL as 

a*VL = e^'^VL , (3.16) 

where e^*^ is a constant phase and we included a factor 2 for later convenience. Similar 
to the type JIB case we can check that the projection O is a symmetry of the type IIA 
supergravity action fl2.18p . Note however, that {—l)^^VLp alone is not a symmetry of type 
IIA. Using fl3.7p this can be already inferred from the fact that the kinetic and topological 
terms in fl2.18p transform with a different sign. On the other hand, under the action of 
the involution a the effective action changes as 

Sf^l = [ {- \Rg' * '1 - \g"'''{dM^'){dN^') *'l...-\B',^F',^F',) , (3.17) 
Jm' 

where as in (13.111) we have set g' = (r*g, (/)' = a*(j) etc. and the Hodge star *' is on the 
manifold Ai' = M'^'^ x a{Y) with metric g'. Using the fact that a is an anti-holomorpic 
isometric involution it changes the sign of the volume element *! ~ vol(M'^'^) A J'A J'A J', 
such that *'l = — * 1. From equations ( 1A.6P and ( ]A.7p one finds that the topological 



term transforms with a minus sign while the kinetic terms remain invariant. This extra 
sign cancels the minus from the action of {—1)^'-Qp such that O is indeed a symmetry 
of (12.180 . In section [3l4l we show that gauge- fixing this symmetry results in an = 1 
supergravity theory. 

Type IIA orientifolds with anti-holomorphic involution generically contain 06 planes. 
This is due to the fact, that the fixed point set of a in Y are three-cycles Aoe sup- 
porting the internal part of the orientifold planes. These cycles are special Lagrangian 
submanifolds of Y as an immediate consequences of (13.140 and (13.160 which implies [109] 

J|a„, = 0, Im(e"*^fi)|Aoe = 0. (3.18) 

In other words, they are calibrated with respect to Re(e~*^fi) 

vol(Ao6) ~ Re(e-'^n) , (3.19) 

where the overall normalization of Q will be determined in (I5.40p . Once again this poses 
conditions on additional D-branes in the setup, if they are demanded to preserve the 
same supersymmetry. More precicely, BPS branes have to be calibrated with respect to 
the same form as the orientifold planes. This implies by comparing (13.50 with (13.190 that 
= ^ for space-time filling i56-branes wrapping a three-cycle in F. A similar condition 
(^D2 = has to hold for supersymmetric D2-instantons wrapping a three-cycle in Y . 



3.3 Type IIB Calabi-Yau orientifolds 



In this section we impose the projection (I3.1O0 on the type IIB theory and derive the 
massless spectrum (section [3.3.10 and its low energy N = 1, D = A effective supergravity 
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action (section [3.3. 2p . This generalizes similar derivations already performed in refs. [201 
[27] . We restrict our analysis to the bosonic fields of the compactification keeping in mind 
that the couplings of the fermionic partners are fixed by supersymmetry. Furthermore, we 
include space-time filling D-branes for consistency but fix their moduli, such that they 
do not appear in the low energy effective action. The compactification we perform is 
closely related to the compactification of type IIB string theory on Calabi-Yau threefolds 
reviewed in chapter [2j The orientifold projection fl3.10p truncates the massless spectrum 
from = 2 to = 1 multiplets and also leads to a modification of the couplings 
which render the low energy effective theory compatible with = 1 supergravity. Such 
truncation procedures from = 2 to = 1 supergravity has been carried out from a 
purely supergravity point of view in refs. (113] . 



3.3.1 The N = 1 spectrum 

Before computing the effective action let us first determine the massless spectrum when 
the orientifold projection is taken into account and see how the fields assemble in A^ = 1 
supermultiplets ^2]. In the four-dimensional compactified theory only states invariant 
under the projection are kept. Using equation (13. 7p one immediately infers that the 
scalars (f), l, the metric g and the four-form C4 are even under {—l)^^Qp while both two 
forms B2, C*2 are odd. Using (13.101) this implies that the invariant states have to obey 



03/07 05/09 

(3.20) 





Co , 




-Co 


a*C2 = 


-C2 , 


a*C2 = 


C2 


a*C4 = 


O4 , 


a*C4 = 


-O4 



(p = (p , 

(^*9 = 9 , 
a*B2 = -B2 , 

where the first column is identical for both involutions a in (I3.10p . Since a is a holomor- 
phic involution the cohomology groups H^^'"^ (and thus the harmonic (p, g)-forms) split 
into two eigenspaces under the action of a* 

H^P'i) = i/jP'^) © i/i^'^) . (3.21) 

H^'"^^ has dimension /i^'^'' and denotes the even eigenspace of a* while H^I''^^ has di- 
mension /i^''^ and denotes the odd eigenspace of a*. The Hodge ^-operator commutes 
with a* since a preserves the orientation and the metric of the Calabi-Yau manifold 

(1 1) (2 2) 

and thus the Hodge numbers obey h\. = . Holomorphicity of a further implies 

^(2,1) _ ^(1,2) ^ jg^^g ^(3,0) _ ^(0,3) _ Q^^(3,0) _ ^(0,3) _ ^ 03/07 ori- 

entifolds and /i^'^^ = /i^'^'' = l,h^^'^^ = h^'^'^^ = for 05/09 orientifolds. Furthermore, 
the volume-form which is proportional to f2 A is invariant under a* and thus one has 
= h^^'^^ = 1, /i^'"'' = h^^'^^ = 0. We summarize the non-trivial cohomology groups 
including their basis elements in table 13. 1[ 
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setup 


cohomology group 


dimension 


basis 


03/07 

and 
05/09 


rr(l,l) 


11 _ 










^(2,2) 


^(2,2) 










^(2,1) 


^(2,1) 








Xk 


03/07 




^(3) 




2h^'^'^ + 2 






05/09 




^(3) 


+ 2 


2h^^''^ 







Table 3.1: Cohomology groups and their basis elements. 



The four-dimensional invariant spectrum is found by using the Kaluza-Klein expan- 
sion given in eqs. fl2.5p . fl2.7l) and fl2.29p keeping only the fields which in addition obey 
fl3.20p . We see immediately that the D = 4 scalar field arising from remains in the 
spectrum for both setups and as before we denote it by (p. Since a* leaves the Kahler 
form J invariant only the h^^'^^ even Kahler deformations f " remain in the spectrum and 
we expand 

J = w"w„, a = l,...,h^^'^\ (3.22) 

where Ua denotes a basis of H^'^\ Similarly, from eq. (12. 7p we infer that the invariance 
of the metric together with (13. 9p implies that the complex structure deformations kept 
in the spectrum correspond to elements in ifi ' for 03/07 setups and to elements of 
H^^'^^ for 05/09. Hence, (E^D is replaced by 

03/07 : 6gij 
05/09 : 6g,, 

where Xk (Xk) denotes a basis of H^'"^^ (H^'"^^)^ 

From eqs. (13.200 we learn that in the expansion of B2 only odd elements are kept. 
Thus, for both orientifold setups we have 

B2 = b''ua, a = l,...,h^y\ (3.24) 

where uOa is a basis of H^'^\ The orientifold projections differ in the R-R sector. For 
03/07 orientifolds C2 is odd and 0*4 is even. Therefore the expansion (12.291) is replaced 
by 

C2 = c''uJa, = Auj^ + V" Aa^ + U^A (3" + Pa il^'' , (3.25) 

^°In ref. [B2j it is further shown that the /i^!'^'' deformations form a smooth submanifold of the Calabi- 
Yau moduH space. 



= ^ z^XkUn'^j , k = l,..., /i^'^ , (3.23) 

— ^ r'^l'v V-O*-?- K — 1 /)^^'^^ 

110112 j 1 -L,...,/t_|_ , 
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where t^" is a basis of H\^' which is dual to Ua, and {a^, P'^) is a real, symplectic basis 
of H^^^ = H^^'^^ © h'^'^^ (c.f. table [3II]). From fl3:20D we find that the axion Co remains 
in the spectrum and we denote the corresponding four- dimensional field by Co- Note 
that the two D = A two-forms B2 and C2 present in the N = 2 compactification (see 
f l2.29p ) have been projected out and in the expansion of B2 and C2 only the scalar fields 
c", 6" appear. The non- vanishing of c°, 6° and is closely related to the appearance of 
07-planes. To understand this in more detail we recall, that 03-planes appear when the 
fix-point set of a is zero-dimensional in Y or in other words all tangent vectors at this 
point are odd under the action of a. This in turn implies that locally two-forms are even 
under a*, while three- forms are odd. However, this is incompatible with the expansions 
given in fl3.25p for non- vanishing 6", c"" and V^. For a setup also including 07-planes 
we locally get the correct transformation behavior, so that harmonic forms in H^'^^ and 
H^'^^ can be supported. 

For 05/09 orientifolds the (9(2)-invariant R-R forms transform exactly with the op- 
posite sign under a. Thus, the expansion fl2.29p reduces to 

O2 = 02 + c" u;^ , C4 = AuJa + V' Aak-UkA(3^ + Pa^" ■ (3.26) 

In this case the axion Cq is projected out and replaced by the D = 4 antisymmetric 
tensor C*2(x). As a consequence the = 1 spectrum contains a 'universal' linear multiplet 
(0, O2) which in the massless case can be dualized to a chiral multiplet. As for Calabi-Yau 
compactifications imposing the self-duality on F5 eliminates half of the degrees of freedom 
in the expansions (13.250 and (13.260 of C4. For the one-forms V',U. this corresponds to 
the choice of electric versus magnetic gauge potentials. On the other hand choosing the 
two forms D2 or the scalars p. determines the structure of the A^ = 1 multiplets to be 
either a linear or a chiral multiplet and in chapter H] we discuss both cases. 

Altogether the resulting A^ = 1 fields for the two setups assembles into a gravita- 
tional multiplet, h^2'^^ vector multiplets and {h^'^^ + h^^'^^ + 1) chiral multiplets and are 
summarized in table 13.21 [62l [39] . 

Compared to the N = 2 spectrum of the Calabi-Yau compactification given in ta- 
ble l2.1l we see that the graviphoton 'left' the gravitational multiplet while the h^"^'^^ N = 2 
vector multiplets decomposed into h]^ N = 1 vector multiplets plus h^' chiral mul- 
tiplets. Furthermore, the h^^'^^ + 1 hypermultiplets lost half of their physical degrees 
of freedom and are reduced into h^^'^'^ + 1 chiral multiplets. This is consistent with the 
theorem of [1121 1113j where it was shown that any Kahler submanifold of a quaternionic 
manifold can have at most half of its (real) dimension. 

3.3.2 The effective action 

In following we derive the effective actions encoding the dynamics of the A^ = 1 multiplets 
of the type IIB orientifold theories. However, before entering the actual computations a 
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03/07 
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gravity multiplet 


1 




1 




vector multiplets 








yk 


chiral multiplets 


















1 


(0,0 






chiral/linear multiplets 








(?^", Pa) 






1 





Table 3.2: = 1 spectrum of Type IIB orientifold compactifications. 



cautionary note is in order. In the presence of localized sources such as orientifold planes 
and D-branes as well as in the presence of non-trivial background fluxes the product 
Ansatz f l2.20p for the metric is strictly speaking not anymore suitable. This is due to 
the fact that the supergravity theory with source terms and fluxes does not have the 
background metric fl2.20p as a solution [121 O [HI [2Q|. As deviation from the standard 
Calabi-Yau compactifications a non-trivial warp factor e~^"^ has to be included into the 
Ansatz for the metric dODD such that ^ [IH] 

ds^ = e^'^^y^g^^{x)dx''dx'' + e-^^^'^^ gij{y)dy'df . (3.27) 

However, in this work we perform our analysis in the unwarped Calabi-Yau manifold 
since in the large radius limit the warp factor approaches one and the metrics of the two 
manifolds coincide [201 1115] . This in turn also implies that the metrics on the moduli 
space of deformations agree and as a consequence the kinetic terms in the low energy 
effective actions are the same. The difference appears in the potential when some of the 
Calabi-Yau zero modes are rendered massive. However, the regime e^^^^^ ~ 1 should be 
understood as a special limit and it would be desirable to generalize compactifications to 
warped backgrounds fl3.27p . 

Let us now turn to the derivation of the four-dimensional effective action by redoing 
the Kaluza-Klein reduction of the ten-dimensional type IIB action given in (12.271) for the 
truncated orientifold spectrum. 

The reduction of the N = 2 vector sector 

We first consider the reduction of the vector sector of the N = 2 supergravity theory 
obtained by type IIB Calabi-Yau compactification. As discussed in section 12.31 the four- 
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dimensional bosonic components of the vector multiplets are {z^,V^). The complex 
scalars parameterize the complex structure deformations of Y. Under the orientifold 
projection these N = 2 multiplets split into chiral multiplets with bosonic components 
(z^) and vector multiplets (V^'^) for 03/07 orientifolds and chiral multiplets (z^) and 
vectors (V^'^) in 05/09 orientifolds. Since the reduction of the vector sector is very 
similar for both the 03/07 and 05/09 case we will first concentrate on the first case 
and later give a rule how to translate these results to 05 / 09 orientifolds. 

Due to the split of the cohomology H^^^ = H^^^ © H^^ the real symplectic basis 
(a^, /3^) of can be split into (3^) of H^f and (a^, of H^^\ Eqs. continue 
to hold which implies that both basis are symplectic and obey 

a.A/3^ = 5^ Jaj^Af3^ = Sl, (3.28) 

with all other intersections vanishing. Since O4 is even under a* the expansion (13.251) 
led io h\ = h\ vectors V^. The three- form Vt is odd under a* and thus has to be 
expanded in a basis of H_ according to 

n{z^) = Z% - J^^P' , (3.29) 
while the other periods (Z'',JF^) vanish 

Z%.=o = j^^ A P"" = , J^,\^^^^ = J^nAa, = . (3.30) 

As a consequence the metric on the space of complex structure deformations reduces to 
d d 



G 



kl 



dz'^ dz^ 









Kcs , Kcs = - In 


-i j VtAVt 


= —hii 









, (3.31) 



replacing (12. lip . The reduction of the kinetic terms for the N = 2 vector sector thus 
yields p9] 



•^03/07 = / -Gki dz'' A *dz' + \lm A + iRe M.x A F' 



(3.32) 



where F^ = dV''^. Recall that the vectors as well as the graviphoton are projected 
out by the orientifold projection (13.101) and do not appear in (13.321) . The coupling matrix 
Ai^x{z^) in front of the remaining vectors is evaluated on the subspace where z'^ = 
and thus depends on z^ only. The analysis for 05/09 orientifolds is in complete anology 
to the 03/07 case, with the difference that the vectors and scalars 2;'*' remain in 
the spectrum while and z^ is projected out. The equations ([3.28p - ( I3.32p can be 
translated to this second case by replacing the indices k,l ^ n, X, k k and n, X —>■ k, I. 
This is consistent with the fact that by (13.230 the three-form VL is in ifi^"* for 02)/ 01 

setups and in H\ for Oh/OSi setups. 
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The reduction of the N = 2 quaternionic sector 

Similar to the vector sector, we now perform the reduction of the hypermultiplet cou- 
plings fl2.34p . One computes the four-dimensional effective action by redoing the Kaluza- 
Klein reduction of the ten-dimensional type IIB action given in fl2.27p for the truncated 
orientifold spectrum. Equivalently, one can impose the orientifold constrains on the 
four- dimensional N = 2 effective action (12.331) . In type IIB the metric on the quater- 
nionic manifold depends on the complexified Kahler deformations t and the dilaton and 
is obtained from the intersection numbers in the even cohomologies. Hence, in order to 
perform the reduction to = 1 we first need to reconsider the structure of the metrics 
(I2.15P and the intersection numbers (12.171) for the orientifold. 

Note that a* J = J and a*B2 = —B2 holds for both IIB orientifold projections. This 
implies that the constraints on the space of Kahler structure deformations are the same 
for 03/07 as well as 05/09 setups. Let us discuss them in the following. Corresponding 
to the decomposition H^^'^'> = H^'^^ © H^}'^^ also the harmonic (l,l)-forms uja split into 
uoa = {^a^^a) such that uJa is a basis of H^^'^^ and uJa is a basis of H^'^\ This in turn 
results in a decomposition of the intersection numbers K,abc given in (I2.17p . Under 
the orientifold projection only ICafi-y and fCabc can be non-zero while /Cq/jc = ^abc = 
has to hold. Since the Kahler-form J is invariant we also conclude from (I2.17P that 
= = ICa- To summarize, keeping only the invariant intersection numbers results in 

K-a/Sc = ^abc = ^^ab = A^a = , (3.33) 

while all the other intersection numbers can be non-vanishingj^ Inserting (I3.33P into 
(I2.15P we derive 

_ 3 / JCgfS 3ICJCA _ 3 ICab ^ _ ^ _ „ 

— 2 ^2 ) ' ~ ~2~)C~ ' ~ ~ l-J-J^J 

where 

= /C„/37 V' , /Cafe = /Cafe^ f"^ , /C^ = /Co/37 '^'^ ' ^ = v'^V^v' . (3.35) 

We see that the metric Gab given in (12.151) is block-diagonal with respect to the decom- 
position //(I'l) = H^^'^^ © i/i^'^^ For later use let us also record the inverse metrics 

G"^ = -^/C/C"^ + 2v''v'^ , G'^^ = -^/C/C"'' , (3.36) 

where /C"^ and /C"* are the inverse of /Cq/j and /Cafe, respectively. 

The N = 2 hypermultiplet couplings are reduced by inserting (I3.33P - (I3.36P and 
truncating to the orientifold spectrum as summarized in table 13. 2[ Since this the ori- 
entifold spectrum of 03/07 setups differs from the one of 05/09 setups, one obtains 



From a supergravity point of view this has been also observed in refs. |113| . 
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two different effective actions. Together with the standard Einstein-Hilbert term and 
the contributions from the reduction of the N = 2 vectors (I3.32p one finds after Weyl 
rescahng [39] 

-dD A *dD - j^e^^lC dl A *dl - le^^lCGab {dc^ - Idb") A * {dc^ - Idb^) 

-^e^^G^f {dp^ - JC^abc'^db") A * (dpp - JC^cdc'db''^ 

+ \lm M.X A + iRe M^x A F\ (3.37) 



and 



-Gab db" A *db^ -dDA *dD - le^^}CGaf3 dd" A *dc^ 

-^e'^'idh + lidpab'' - padb'')) A*{dh+ lidpab" - padb'')) 



-^e^^G''\dpa - ICacaC'^dW) A *{dp, - ICm^c^ db'') . 

+ \lm Mm F'' a *F' + iRe Mm F^ A , (3.38) 



where we have expressed the result in a chiral basis and used the index conventions given 
in table 13.11 In contrast to ref. [39j we have expressed the effective actions in terms of 
the string frame Kahler structure deformations f " and the four- dimensional dilaton 



(/C/6)-^/2 , (3.39) 



where e"^ is the ten-dimensional dilaton. This ends our computation of the orientifold 
bulk action. In remains to cast fl3.37p and fl3.38p into the standard = 1 form. 



3.3.3 The Kahler potentials and gauge-couplings 

Our next task is to transform the actions (13.371) and (13.381) into the standard = 
1 supergravity form with chiral multiplets where it is expressed in terms of a Kahler 
potential K, a holomorphic superpotential W and the holomorphic gauge-kinetic coupling 
functions / as follows |116[ 1117] 

S^^^ = ~J \R*l+KijDM^ A*DM^+\Ref^xF''A*F^+\\mf^xF''AF^+V*l , (3.40) 

where 

V = e^{K^^DiWDjW - ?>\W\^) + \ (Re fY^ "^D^Dx . (3.41) 
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Here the collectively denote all complex scalars in chiral multiplets present in the 
theory and Kjj is a Kahler metric satisfying Kjj = didjK{M, M). The scalar potential 
is expressed in terms of the Kahler-covariant derivative DjW = djW + {diK)W. 

In the reduction we did not find any scalar potential, such that one immediately 
concludes W = and = 0. Next we need to find a complex structure on the space of 
scalar fields such that the metrics computed in fl3.37p and fl3.38p are manifestly Kahler. 



The Kahler potential: 03/07 setups 

As we saw in f l3.3ip the complex structure deformations are already good Kahler 
coordinates with Gf^i being the appropriate Kahler metric. For the remaining fields the 
definition of the Kahler coordinates is not so obvious. Guided by refs. [22| [27] we define 



S-iA = iT + iG^iJa - T„cD" (3.42) 

where 

<^- = ^ + ^^ = e-V^^+*^ A=e-^'A J2 (^.{scalar, (3.43) 

9=0,2,4,6 

are sums of even forms. In (13.430 we have defined Cg\scaiar to be the part of Cg yielding 
scalars in D = 4, e.g. C^lscaiar = Pa^'^- Expanding all the forms in (I3.42p by using 
^Mj,^M) and (IS:^ the coordinates take the form PJ 

r = Co + ^e-^ , = - rb" , 

T„ = i{pa-k^aabc''b') + '^e~^IC^~C^, (3.44) 



when 



JCa = IC^^yv^ , (a = --, lC^bcG\G - Gf . (3.45) 

2 r — r 



In ref. |39] it was checked explicitly that in terms of these coordinates the metric of (13.371) 
is Kahler with the Kahler potential ^39] 

K = K^{z, z) + K^{t, T, G) , K^, = -In -z J n{z) A Q{z) , (3.46) 

and 

= -\n[-i{T- f )] - 21n [Vob(r, T, G)] = - In [26"^^] , (3.47) 

where we have used (13.390 in order to evaluate the last equality. The Einstein frame 
volume Vo\e{Y) = ^e'^'^K.ap-yV^'v^v'^ in (13.471) should be understood as a function of 
the Kahler coordinates (r, T, G) which enter by solving (I3.44p for e~'^^'^v°' in terms of 
{t,T,G). Unfortunately this solution cannot be given explicitly and therefore Vols is 



^^The definition of C,a is unique up to a constant which does not enter into the metric. The possibility 
of a non-zero constant is important for the formulation in terms of linear multiplets in section 14.1.11 
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known only implicitly via e-'^/2^"(r,T,G)@ In chapter 1 we show that the definition 
of the Kahler coordinates (13.441) and the Kahler potential (I3.46P can be understood 
somewhat more conceptually in a dual formalism using linear multiplets L° instead of 
the chiral multiplets T^. 

Let us return to the Kahler potential (I3.46p . Kcs and the first term in (13.471) are 
the standard Kahler potentials for the complex structure deformations and the dilaton, 
respectively. VoIe{t,G,T) also depends on r and therefore the metric mixes r with 
and C^. It is block diagonal in the complex structure deformations which do not mix 
with the other scalars. Hence, the moduli space locally has the form 

Mn=i = M^^ X , (3.48) 

where each factor is a Kahler manifold. The manifold Ai^^ has complex dimension 

(1 2) ________ 

h_' and is a special Kahler manifold in that K^s satisfies (I3.3ip . It parameterizes 
the complex structure deformations of Y respecting the orientifold constraint (13. 9p . On 
the other hand, is a h^^'^^ + 1-dimensional Kahler manifold inside the quaternionic 
manifold Ai^. Local coordinates are given by the fields r, G", arising in the expansion 
(I3.42p . Also the Kahler potential K^{t,G,T) fulfills special properties inherited from 
the underlying special quaternionic manifold. To see this, let us bring in a slightly 
different form. Using the explicit expansion (13.420 of if'^'" one checks that up to a trivial 
Kahler transformation the Kahler potential (I3.47P can be rewritten as 

= -21n <I>b{S) , $b(£) = , (3.49) 

where ip^'" = £ + i£ is defined in (13.430 and S{S) has to be evaluated. In (13.490 we 
abbreviated the skew-symmetric product {^,'4') ioi two sums of even forms = (^q + 
V^2 + ^4 + and ^/^ = ■j/'o + "02 + '04 + "06 as |76] 



{^,^)= V(-l)>2mAV'6-2r„ • (3.50) 



m 

The function $b can be identified with Hitchins functional on a generalized complex 
manifold [76] evaluated for the simple form ip'^'" defined in (13.430 (see [118j for more 
details). We discuss the geometry of Ai^ in greater detail in section I4l2l 

Although not immediately obvious from its definition obeys a no-scale type con- 
dition in that it satisfies 

|^(ir-Y^"^ = 4, (3.51) 



^■^This is in complete analogy to the situation encountered in compactifications of M-theory on Calabi- 
Yau fourfolds studied in |22j . This is no coincidence and can be understood from the fact that this theory 
can be lifted to F-theory on Calabi-Yau fourfolds which in a specific limit is related to orientifold com- 
pactifications of type IIB [7D]. In section [01 we make this more explicit by checking this correspondence 
on the level of the effective actions. 
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where = (r,G",T„)0 This equahty can be shown by direct computation as done 
in [39]. Alternatively, it can be deduced from the fact that $b defined in f l3.49p is 
homogeneous of degree two, i.e. $B(a£^) = a^$B(£^) for all a G M [76]. Using (13.421) a 
simple calculation shows that = —2 In $5 satisfies (13.511) . From (I3.4ip we see that 
(I3.5ip implies > which we also show in the linear multiplet formalism in section 
14.1.11 For r = const, the right hand side of (I3.5ip is found to be equal to 3 as it is the 
case in the standard no-scale Kahler potentials of [120] . 

Let us relate (13.460 to the known Kahler potentials in the literature. First of all, for 
G"^ = and thus Tq, = ipa + |/Cq the Kahler potential (13.460 reduce to the one given 
in [27]. Secondly, for one overall Kahler modulus v parameterizing the volume (i.e. for 
h^_l'^^ = 1, Tq, = T) the Kahler potential reduces to i^' = — 31n(T + T) which coincides 
with the Kahler potential determined in |20j . 

Before we turn to the discussion of the 05/09 case let us note that K is invariant 
under the S'L(2,R) transformations inherited from the ten-dimensional type IIB theory. 
In the orientifold theory this symmetry acts on r by fractional linear transformations 
exactly as in D = 10 and transforms (6", c") as a doublet, such that 

T ^ , , ad-bc=l. (3.52) 

CT + a CT + a 

Under the SL{2, R) only the second term of K given in (13.471) transforms but this trans- 
formation is just a Kahler transformation. This can be seen from (I3.44p and the fact 
that e-'^/^w" and z'' are invariant. This symmetry reduces to SL{2, Z) in the full string 
theory, which is nothing but the invariance group of a two-torus. This torus becomes 
part of the space-time in the formulation of 'F-theory' [69]. We discuss in section [6?T] the 
embedding of 03/07 orientifolds into this theory on the level of the effective action. 



The Kahler potential: 05/09 setups 

In the action (13.380 we immediately see that the complex structure deformations z'^ are 
again already good Kahler coordinates. For the remaining fields we find the appropriate 
Kahler coordinates to be 

S-iA = - AfccD^ - ^vol(F) , (3.53) 

where £ = Irmp'^^ and A are defined in (I3.43P and we have used that in 05/09 setups 
the axion Cq gets projected out. Furthermore, we denoted by vo\(Y) = IC^^J A J A J the 
to one normalized volume form of Y. Using the expansions (I3.22p . (I3.24p and (I3.26P we 
obtain the explicit expressions 09] 

t° = e-'^v'' - ie , Aa = Qabb" + ipa , (3.54) 
S = le-'^IC + ih-\{Ree-'r''Aa{A + A)b, 



^For = this has already been observed in [20l [27l[29l[TT9] . 
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Qabit) = ICabat'' , I = k + \pah'^ . (3.55) 



where we inserted 



The matrix Qab depends holomorphically on the coordinates which ensures that 
is Kahler [92l |22]- In the variables given in (13 .54^ the Kahler potential reads [39] 



K = K,s{z,z)+K'^{S,t,A) 



-In 



(3.56) 



with 



-In 



-In 



48'^' 



'a/37 



S + S+\iA + A)aiRee-'y'iA + A)^ 



.ln[2e-^^] . 



(3.57) 



where we used f l3.39p . The check that K indeed reproduces (13.381) is straightforward, since 
(I3.56P is closely related to the quaternionic 'Kahler potential' given in ^92j and we can 
make use of their results]^ The same reference already observed that for a holomorphic 
matrix B the quaternionic geometry is also Kahler. This situation was also found in 
compactifications of the heterotic string to -D = 3 on a circle [22] . 



From (I3.56P we infer that the = 1 moduli space admits the local product structure 
TC^sk y. ji^Q gjjj^iiaj. (|3.48p . However, in 05/09 orientifolds is a special Kahler 

(2 1) 

manifold spanned by the hy complex scalars z'^, which are the ones projected out 
in 03/07 orientifolds. Ai^ is spanned by the complex scalars 5, t",y4a and thus is of 
complex dimension h^'^ + 1 as in 03/07 setups. Furthermore, also for orientifolds 
with 05/09 planes can be rewritten in terms of the functional ^b{^) as 



(3.58) 



where ip'^'" = £{£■) + iS are defined in (I3.43p . The functional dependence of K'^ on (/^^^ 
is the same as in (13.490 for O'i/Ol orientifolds. This can be understood from the fact 
that if^^ only depends on the NS-NS sector variables, which are the same in both types 
of orientifolds. Nevertheless, the local structure oi M.^ is different for both orientifold 
theories. This becomes appearent when one expresses in terms of proper Kahler 
coordinates. In 05/09 setups this corresponds to the fact that $b is a function of £ 
as needed for (13.530 . Hence, in order to express in terms of the Kahler coordinates 
5",^:, A as in (13.570 one evaluates £{£)■ Let us end this discussion by remarking that $b 
is also homogeneous of degree two in such that by using (I3.53P one extracts a no-scale 
type condition equivalent to (13.510 . 



^^Note however, that the complex structure changed non-trivially. In 
formed complex coordinates. 



the standard t ^ v ib 
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The gauge-couplings: O'ijOl and 05/09 setups 



Our next task is to determine the gauge-kinetic coupling functions /^a and show that 
they are holomorphic in the moduli. We do this only for 03/07 orientifolds, since the 
result easily translates to the 05/09 case. As explained in section [3.3.21 this is achieved 
by an appropriate replacement of the indices. By comparing the actions fl3.32p and (13.401) 
one finds 



(3.59) 



where M.k,\ is the N = 2 gauge kinetic matrix given in (12.251) evaluated at z'^ = z'^ = 0. 
Its holomorphicity in the complex structure deformations z^ is not immediately obvious 
but can be shown by using (I2.25P and (]B.15|) . More precisely, from (I2.25P together with 



the decomposition of H^^^ expressed by (I3.2ip and (I3.28P we infer that Aif^i is block 



diagonal or in other words -M^f = 0. Multiplying Ai^^i with X' and using 
with (1B.15P we further conclude 



^kI 



. 



Finally inserting (13.290 and (13.600 into (1B.15P we arrive at 



2: ''=0=2" 



together 



(3.60) 



(3.61) 



which is manifestly holomorphic since J^n\{z^) are holomorphic functions of the complex 
structure deformations z^ . 



3.4 Type IIA Calabi-Yau orientifolds 

In this section we determine the N = \ supergravity action obtained by compactification 
of Type IIA string theory on a Calabi-Yau orientifold. The orientifold projection O = 
(— l)^^fip(T was already defined in ( I3.15P and includes an anti- holomorphic isometric 
involution a. In section 13.4.11 we extract the N = 1 spectrum by identifying the fields 
invariant under O. The corresponding effective action is calculated in section [3.4.21 It is 
shown to be compatible with N = 1 supersymmetry in section I3.4.3[ where we determine 
the Kahler potential and gauge-kinetic coupling functions. 



3.4.1 The = 1 spectrum 

In order to determine the (9-invariant states 
forms C*i and C*3 are odd under (— l)'^^ while 
sheet parity flp on the other hand B2, O3 are 



let us recall that the ten-dimensional RR 
all other fields are even. Under the world- 
odd with all other fields being even. As a 
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consequence the (9-invariant states have to satisfy [S2] 

while the deformations of the Calabi-Yau metric are constrained by IKWf and ([316]) O 

As we recalled in the previous section the massless modes are in one-to-one corre- 
spondence with the harmonic forms on Y. The space of harmonic forms splits under the 
involution a into even and odd eigenspaces 

HP{Y) = Hl®Hl . (3.63) 

Depending on the transformation properties given in fl3.62p the (9-invariant states reside 
either in or in and as a consequence the number of states is reduced. We sum- 
marize all non-trivial cohomology groups including their basis elements in table 13.11 



9 , 
-B2 



(3.62) 



cohomology group 


^(1,1) 










^(3) 


dimension 










/i(2,l) + 1 


hi^A) + 1 


basis 















Table 3.1: Cohomology groups and their basis elements. 



iVa, oja denote even and odd (1, l)-forms while a)", cD'^ denote odd and even (2, 2)-forms. 
The number of even (1, l)-forms is equal to the number of odd (2, 2)-forms and vice versa 
since the volume form which is proportional to J A J A J is odd and thus Hodge duality 
demands /i*^'"'^^ = /i^'^"*, /i^'""^^ = /i^'^'*. This can also be seen from the fact that the 
non-trivial intersection numbers are 

j uj^Au^ = 6^, a,(3=l,...,h'i''\ j uJaAu' = 6t, a,b = 1, . . . ,h'~}''\ (3.64) 
with all other pairings vanishing. From the volume-form being odd one further infers 

^^(3,3) ^ ^(3,3) ^ ^ ^(0,0) ^ ^(0,0) ^ Q_ 

can be decomposed independently of the complex structure as = © 
where the (real) dimensions of both and is equal and given by = h'^ = + 

""^^Following the argument presented in [62j we note that the involution does not change under defor- 
mations of Y. This is due to its involutive property and the fact that we identify involutions which differ 
by diffeomorphisms. Therefore we fix an involution and restrict the deformation space by demanding 
(I3T41) and KWi . 
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Again tliis is a consequence of Hodge duality together with the fact that the volume-form 
is odd. It implies that for each element G H'l there is a dual element G H'^ with 
the intersections 

jaj^Ab^ = 5^, k,L = 0,...,h^'^'^K (3.65) 

Compared to (12.41) this amounts to a symplectic rotation such that all a-elements are 
chosen to be even and all /5-elements are chosen to be odd but with the intersection 
numbers unchanged. The orientifold projection breaks this symplectic invariance or in 
other words fixes a particular symplectic gauge which groups all basis elements into even 
and odd. This in turn implies that the basis (a^, b^) is only one possible choice. However, 
since the calculation simplifies considerably for this basis, we first restrict to this special 
case and later give the general results with calculations summarized in section 14.1.21 

In the remainder of this subsection we determine the = 1 spectrum which survives 
the orientifold projections. Let us first discuss the Kahler moduli. From the eqs. (13.141) 
and (13.621) we see that both J and B2 are odd and hence have to be expanded in a basis 
uJa of odd harmonic (1, l)-forms 

J = v''{x)uja, B2 = b''{x)iUa, a = 1, . . . , h^}^\ (3.66) 

In contrast to (I2.2ip the four-dimensional two-form B2 gets projected out due to (13.621) 
and the fact that a acts trivially on the fiat dimensions, f " and b"- are space-time scalars 
and as in = 2 they can be combined into complex coordinates 

t« = 6« + i y« , J^ = B2 + iJ , (3.67) 

where we have also introduced the complexified Kahler form Jc- We see that in terms of 
the field variables the same complex structure is chosen as in A^ = 2 but the dimension 
of the Kahler moduli space is truncated from /i^^'^^ to h^}'^\ 

The number of complex structure deformations is similarly reduced since (I3.16P con- 
strains the possible deformations. To see this one performs a symplectic rotation on 
(I2.13P and expands f2 in the basis of © H^, i.e. aO 

n{z) = Z^{z)aj^ - J^l{z)b^ . (3.68) 

Inserted into (13.160 one finds 

lm{e''^Z^) = , Re(e-^^J^^) = . (3.69) 

The first set of equations are h^"^'^^ + 1 real conditions for h^"^'^^ complex scalars z^ . 
One of these equations is redundant due to the scale invariance (I2.14p of Q. More 
precisely, the phase of can be used to trivially satisfy lm{e~^^ Z^) = for one of 

^^Let us stress that at this point all = 2 relations arc still intact since p.68p is just a specific choice 
of the standard iV = 2 basis ([2l3l) . 
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the . Thus Im(e~*^Z^) = projects out hS'^'^^ real scalars, i.e. half of the complex 
structure deformations. Furthermore, in section 13.4.21 we will see the remaining real 
complex structure deformations span a Lagrangian submanifold M.'^ with respect to the 
Kahler form inside M.'^^ . Note that the second set of equations in (13.691) Re(e~*^JF^) = 
should not be read as equations determining the but is a constraint on the periods (or 
equivalently the Yukawa couplings) of the Calabi-Yau which has to be fulfilled in order 
to admit an involutive symmetry with the property fl3.16p l^ 

As we have just discussed the complex rescaling (12.141) is reduced to the freedom of 
a real rescaling by (13.161) . Under these transformations f2 and the Kahler potential K'^^ 
change as 

^-^^ e-^"^'^) , K""" K"' + 2Re{h) , (3.70) 

when restricted to A^f. This freedom can be used to set one of the Re{e~^^Z^) equal 
to one and tells us that depends only on h'^'^'^^ real deformation parameters. However, 
it will turn out to be more convenient to leave this gauge freedom intact and define 
a complex 'compensator' C = re~*^ with the transformation property C (ggRe(fe)JT9| 
Later on we will relate r to the inverse of the four- dimensional dilaton so that the scale 
invariant function Cf2 depends on h^'^'^^ + 1 real parameters. Using (13.681) Cf2 enjoys the 
expansion 

Cn = Re{CZ^)aji-ilm{CJ^l)b^ . (3.71) 

We are left with the expansion of the ten-dimensional fields Ci and C3 into harmonic 
forms. From (I3.62p we learn that Ci is odd and so together with the fact that Y posses no 
harmonic one-forms and a acts trivially on the flat dimensions the entire Ci is projected 
out. This corresponds to the fact that the N = 2 graviphoton A° is removed from the 
gravity multiplet, which in A = 1 only consists of the metric g^i, as bosonic component. 
Finally, C3 is even and thus can be expanded according to 

= cs{x) + A"(x) Aooa + Cs, Cs = ^^{x) , (3.72) 

where are /i^^'^^ + 1 real scalars. A" are /i^'^^ one-forms and C3 is a three-form in four 
dimensions. C3 contains no physical degree of freedom but as we will see in section 15.31 
corresponds to a constant flux parameter in the superpotential. The real scalars have 
to combine with the h^"^'^^ real complex structure deformations and the dilaton to form 
chiral multiplets. In the next section we will find that the appropriate complex fields 
arise from the combination 

= C3 + 2tRe{Cn) . (3.73) 
Expanding Qc in a basis (13.651) of if^(Y) and using (13.711) and (I3.72p we have 

a = 2A^a^ , = lj n,AP^ = i(e^ + 2zRe(CZ^)) . (3.74) 



^^This can also be seen as conditions arising in consistent truncations of iV = 2 to = 1 theories as 
discussed in ref. [113j . 

-•^^This is reminiscent of the situation encountered in the computation of the entropy of = 2 black 
holes where it is also convenient to leave this scale invariance intact |110j . 
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Due to the orientifold projection the two three-forms and C3 each lost half of their 
degrees of freedom and combined into a new complex three- form Qc- As we will show 
in more detail in the next section the 'good' chiral coordinates in the N = 1 orientifold 
are the periods of CQ directly while in = 2 the periods agree with the proper field 
variables only in special coordinates. 

Let us summarize the resulting = 1 spectrum. It assembles into a gravitational 
multiplet, /i^'^^ vector multiplets and {h^}'^^ + /i*^^'^^ -|- 1) chiral multiplets. We list the 
bosonic parts of the N = 1 supermultiplets in table [3^2] [62] . We see that the h^^'^^ N = 2 



vector multiplets split into h^^'^^ N = 1 vector multiplets and h\^'^' chiral multiplets while 
the /i^^'^) + 1 hypermultiplets are reduced to /i^^'^^ + 1 chiral multiplets. 



(1,1) 



multiplets 


multiplicity 


bosonic components 


gravity multiplet 


1 




vector multiplets 






chiral multiplets 






chiral multiplets 


+ 1 





Table 3.2: = 1 spectrum of 06 orientifold compactification. 



3.4.2 The effective action 

In this section we calculate the four-dimensional effective action of type IIA orientifolds 
by performing a Kaluza-Klein reduction of the ten-dimensional type IIA action (12.181) 
taking the orientifold constraints into account. Equivalently this amounts to imposing 
the orientifold projections on the N = 2 action of section [2l2l Inserting (13.661) . (13. 71 p . 
(I3.72P into the ten-dimensional type IIA action (12.180 and performing a Weyl rescaling 
of the four-dimensional metric we find |41j 

41 = y * 1 - Gab dt" A + A *F'^ + ^ReAf^^ A 

-dDA *dD - GkUq) dq^ A *dq^ + \e^^ Im A^^^ d^^ A , (3.75) 

where = dA"'. Let us discuss the different couplings appearing in (I3.75P in turn. 
Apart from the standard Einstein-Hilbert term the first line arises from the projection 
of the N = 2 vector multiplets action. As we already observed the orientifold projection 
reduces the number of Kahler moduli from h^^'^'> to h;}'^^ (t"^ — > t") but leaves the complex 
structure on this component of the moduli space intact. Accordingly the metric Gab{t) 
is inherited from the metric Gab of the N = 2 moduli space Ai^^ given in (12.150 . Since 
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the volume form is odd only intersection numbers with one or three odd basis elements 
in fl2.17p can be non-zero and consequently one has 

/Co/37 ~ ^aab = ^aa = = , (3.76) 



while all other intersection numbers can be non-vanishingo This implies that the metric 
GABit"^) of (12.151) is block diagonal and obeys 



where 

JCab = JCabc , /C„/3 = /C„/3a , Ka = JCabc , /C = ICabc V^'v^v" . (3.78) 

In comparison to type IIB orientifolds the opposite intersection numbers vanish as can 
be seen by comparing (I3.76P with (13.331) . This is due to the fact that the Kahler form J 
transforms in IIA and IIB orientifolds with a relative minus sign under the action of cr. 

The same consideration also truncates the N = 2 gauge-kinetic coupling matrix J^^§ 
explicitly given in (lB.19p . Inserting (13.761) and (I3.78P one arrives at 



ReAC./3 = -ICa/Sab" , ImAf^f^ = ]Cal3 , Ka = Afoa = . (3.79) 

(The other non-vanishing matrix elements A/"-^ arise in the potential (I5.3ip once fluxes 
are turned on.) 

Let us now discuss the terms in the second line of (I3.75P arising from the reduction of 
the N = 2 hypermultiplet action which is determined by the quaternionic metric (I2.24p . 
D is the the four-dimensional dilaton defined in (I2.22p . The metric Gkl is inherited 
from the N = 2 Kahler metric Gxi{z, z) given in (12.111) and thus is the induced metric 
on the submanifold M.'^ defined by the constraint (I3.16p . More precisely, the complex 
structure deformations respecting (13.160 can be determined from (I2.10p by considering 
infinitesimal variations of Vt 

Vt{z + 5z) = n{z) + 6z^{d,Kn), = n{z) - dz^iK^^n - xk)z ■ (3.80) 

Now we impose the condition that both VL{z + 5z) and VL{z) satisfy (13.161) . This implies 
locally 

5z^ d.KK^'' = 5z^ d-,KK^^ , 5z^a*XK = e^"^5z^XK , (3.81) 

where O^kK'^^ and xk are restricted to M.'^- Using the fact that K^^ is a Kahler potential 
and therefore d^xK'^^ 7^ 0, we conclude from the first equation in (13.811) that for each 5z^ 
either the real or imaginary part has to be zero. This is consistent with the observation of 
the previous section that coordinates of t)e identified with the real or imaginary 

part of the complex structure deformations z^ . To simplify the notation we call these 



^"From a supergravity point of view this has been discussed also in [113j . 
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deformations collectively q and denote the embedding map by p : ^ Ai'^^. Locally 
this corresponds to 

p: g^ = (g^g'^) ^ = {q\^q'^) , (3.82) 

for some splitting = {z'^,z'^). In other words, the local coordinates on Ai^ are 
Rez* = g** and Imz°" = while Imz'^ = = Rez°". Using the second equation in fl3.8ip . 
the embedding map (13.821) and the expression (12.91) for the N = 2 metric Gj^i we also 
deduce that the Kahler form vanishes when pulled back to A4^. In summary we have 

p*{GKidz^dz^) = GKL{q)dq^dq^ , p*{iGKidz^ A dz^) = . (3.83) 

The first equation defines the induced metric while the second equation implies that Ai^ 
is a Lagrangian submanifold of Ai'^^ with respect to the Kahler-form. 

Finally, coming back to the action (13.751) the matrix At j^i is defined in analogy with 
(K25\i as 

j ttj^ A*ai = -ImMKL , j A*b^ = -{ImM)-^ , (3.84) 

where ImA^^^^ can be given explicitly in terms of the periods by inserting (I3.69P into 
flB.lSP [39] . Similarly one obtains ReAi kl ~ ^ consistent with the fact that (12.251) implies 
that j A vanishes for the special basis (a^, b^). 

This ends our discussion of the effective action obtained by applying the orientifold 
projection. The next step is to rewrite the action (13.751) in the standard = 1 super- 
gravity form which we turn to now. 

3.4.3 The Kahler potential and gauge-couplings 

The standard = 1 supergravity the action is expressed in terms of a Kahler potential K, 
a holomorphic superpotential W and the holomorphic gauge-kinetic coupling functions / 
as given in (13.401) . Hence, our task is to find K, f and W for the type IIA orientifolds. As 
an immediate observation one finds that (13.751) includes no potential, such that W = 
and Da = 0. It is also not difficult to read off the gauge-kinetic coupling function /^/j. 
Comparing (I3.75P with (I3.40p using (I3.79P and (I3.67P one infers 

fap = —'i-^al3 = i^aPaf^ ■ (3.85) 

As required by A^ = 1 supersymmetry the f^p are indeed holomorphic. Note that they 
are linear in the moduli and do not depend on the complex structure and ^-moduli. 

From (I3.75P we also immediately observe that the orientifold moduli space has the 
product structure 

AiN=i = M^^ X M"^ . (3.86) 
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The first factor Ai^^ is a subspace of the N = 2 moduli space Ai^^ with dimension 
h^}'^^ spanned by the complexified Kahler deformations t". The second factor jCi^ is 
a subspace of the quaternionic manifold Ai^ with dimension h^"^'^^ + 1 spanned by the 
complex structure deformations , the dilaton D and the scalars arising from C3. 
Let us discuss both factors in turn. 



As we already stressed earlier the metric Gab of (13.751) defined in fl3.34p is a trivial 
truncation of the N = 2 special Kahler metric fl2.15p and therefore remains special Kahler. 
The Kahler potential is given by 



K 



K 



-In 



-In 



J A J A J 



(3.87) 



where J is the Kahler form in the string frame. Moreover, can be obtained from 
the prepotential f{t) = —^}Cabct"'tH'^ by using equation ( IB. 1711 . It is well known that 
obeys the standard no-scale condition [120] 



3 . 



(3.88) 



The geometry of the second component A^*^ in (13.861) is considerably more compli- 
cated. This is due to the fact that (I3.74p defines a new complex structure on the field 
space. In the following we sketch the calculation of the Kahler potential for the basis 
{aj^,b^) and only summarize the results for a generic symplectic basis. The details of 
this more involved calculation will be presented in section 14.1.21 

To begin with, let us define the compensator C introduced in section 13.4.11 as 

C = e-^-^^e^^^('?)/2 , C ^ Ce^'='^('?) , (3.89) 

where K^^ is the Kahler potential defined in (12. lip restricted to the real subspace A^r. 
We also displayed the transformation behavior of C under real Kahler transformations 
(I3.70p . With this at hand one defines the scale invariant variable 

= Re{CZ^{q)) . (3.90) 

Inserted into (I3.75P and using the Jacobian matrix encoding the change of variables 
{e^,q^) the second line (13.750 simplifies a^ 

£g) = 2e^^ Im Ai^^^ {dl^ A + \di^ A *d^^) . (3.91) 
We see that the scalars and C,^ nicely combine into complex coordinates 

AT^ = i^^ + = 1^^ + zRe(CZ^) = i /" A 6^ , (3.92) 



^^The calculation of this result can be found in section 14.1.21 
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which we anticipated in equation fl3.74l) . The important fact to note here is that Ai^ 
is equipped with a new complex structure and the corresponding Kahler coordinates 
coincide with half of the periods of Qc- This is in contrast to the situation in = 2 
where one of the periods is a gauge degree of freedom and the Kahler coordinates 
are the special coordinates = /Z^. 

In order to show that the metric in (13.911) is Kahler we need the explicit expression 
for the Kahler potential. Using (I3.69P in (IB.ISP one obtains straightforwardly 



2e^''lmMj,i = d^^d^tK"^ , (3.93) 

where 

= -2 In [4iJ^{CZ)] , J^{Re{CZ)) = ^ Re{CZ^) Im(CJ^^) . (3.94) 
Alternatively, using (13.711) and *Q = —iQ one derives the integral representation 



= -2 In 



j Re{Cn) A *Re{Cn) = - In e"^^ , (3.95) 



where in the second equation we used (13.891) and (12. lip . In the form (I3.95P the dependence 
of on the coordinates is only implicit and given by means of their definition (I3.92p . 
Also obeys a no-scale type condition in that it satisfies 

K^^K'^^^'k^, = 4 , (3.96) 

which can be checked by direct calculation. 

The analysis so far started from the symplectic basis {a^,b^) introduced in (I3.65p . 
determined the Kahler coordinates in (13.921) and derived the Kahler potential in terms 
of the prepotential JF in (13.941) or as an integral representation in (13.951) . Now we need to 
ask to what extent this result depends on the choice of the basis (I3.65p . Or in other words 
let us redo the calculation starting from an arbitrary symplectic basis and determine the 
Kahler potential and the proper field variables for the corresponding orientifold theory. 
Let us first recall the situation in the N = 2 theory reviewed in section 12. 2[ The periods 
{Z^,J-'j^) defined in (12.121) form a symplectic vector of Sp{2h^^''^^ + 2, Z) such that 
given in (12.131) and K^^ given in (12. lip is manifestly invariant. The prepotential J^{Z) = 
\Z^Tj^ on the other hand does depend on the choice of the basis (a^,/3^) and is not 
invariant. 

For = 1 orientifolds this situation is different since the orientifold projection (13.161) 
explicitly breaks the symplectic invariance@ This can also be seen from the form of 
the = 1 Kahler potential (I3.94p which is expressed in terms of the non-invariant 



^^A symplectic transformation S preserve the form (a,/3) — J a /\ /3, such that (5a, 5/3) = 
On the other hand the anti-holomorphic involution satisfies (^a* a^a* (3) = — (a,/?). 
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prepotential. One immediately concludes that the result fl3.94p is basis dependent and 
takes this simple form due to the special choice € H^{Y) and E (Y)^ 
On the other hand, the integral representation flS.QSp only implicitly depends on the 
symplectic basis through the definition of the coordinates . This suggest, that it is 
possible to generalize our results by allowing for an arbitrary choice of symplectic basis 
in the definition of the = 1 coordinates. More precisely, let us consider the generic 
basis {aj^,P^), where we assume that the = h?'^ + 1 basis elements (a^,/?'^) span H\ 
and the h?_ = /i^'^ + 1 basis elements {ax, P'') span H"^. In this basis the intersections 
((231) take the form 

j^akAP' = Si, j^a,Ap^ = S^,, (3.97) 

with all other combinations vanishing. Applying the orientifold constraint (13.161) one 
concludes that the equations (I3.69P are replaced by 

lm{CZ'') = Re{CJ^k) = , Re(CZ^) = Im(CJ^A) = . (3.98) 

Correspondingly, the expansions (13.711) and (13.721) take the form 

Cn = Re{CZ'')ak + ilm{CZ^)ax-Re{CTx)(3^ -ilm{CJ^k)P'' , 
Cs = (3.99) 

which implies that we also have to redefine the N = 1 coordinates of A^*^ in an appro- 
priate way. In section 14.1.21 we show that the new Kahler coordinates {N^,Tx) are again 
determined by the periods of ^2^. and given by 

N'' = ^ j n^AP^ = i^^- + iReiCZ'') , 

Tx = ijn,Aax= iix-2Re{CJ^x) , (3.100) 

where we evaluated the integrals by using (I3.73P and (13.990 . 

The Kahler potential takes again the form (I3.95P but now depends on N'',Tx and 
thus no longer simplifies to (13.940 . Let us compare the situation to the original N = 2 
theory, which was formulated in terms of the Z^ or equivalently the special coordinates 

. Holomorphicity in these coordinates played a central role in defining the prepotential 
encoding the special geometry of Ai'^^ in Ai^ (cf. section l?]2l) . In contrast, the N = 1 
orientifold constraints destroy this complex structure and force us to combine Re{CQ) 
with the RR three-form C3 into Qc- The Kahler coordinates are half of the periods of Qc 
but now in this more general case also the derivatives of JF can serve as coordinates as seen 



^•^Note that this is in striking analogy to the background dependence of the B model partition function 
as discussed in |121i 1122] . 
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in fl3.100p . However, as it is shown in section H. 1.21 R.e{CJ-'\) and e'^^lm{CZ^) are related 
by a Legendre transformation of the Kahler potential. Working with this transformed 
potential and the coordinates Re(CZ'^) and e^^lm{CZ^) enables us to make contact to 
the underlying N = 2 theory in its canonical formulation. From a supergravity point of 
view, this Legendre transformation corresponds to replacing the chiral multiplets Tx by 
linear multiplets as described in the next chapter. This is possible due to the translational 
isometrics of K, which arise as a consequence of the C3 gauge invariance and which render 
K independent of the scalars ^ and ^. We show in section 14.21 that this also enables us 
to construct Ai^ from Ai^ similar to the moduli space of supersymmetric Lagrangian 
submanifolds in a Calabi-Yau space as described by Hitchin [75] . This also allows us to 
interpret the no-scale condition fl3.96l) geometrically. 

Let us summarize the results obtained so far. We found that the moduli space of 
N = 1 orientifolds is indeed the product of two Kahler spaces with the Kahler potential 



1 J JAJAJ 


-2 In 











Re(Cfi) A *Re(Cfi) . (3.101) 



K = + = -In 

The first term depends on the Kahler deformations of the orientifold while the second 
term is a function of the real complex structure deformations and the dilaton. The N = 1 
Kahler coordinates are obtained by expanding the complex combination 

= C3 + 2iRe(Cfi), Jc = B2 + iJ , (3.102) 

in a real harmonic basis of H^{Y) and H^'^\y) respectively. Note that K does not 
depend on the scalars arising in the expansion of i?2 and C3, such that the Kahler 
manifold admits a set of h^}'^^ + /i^^'^) + 1 translational isometrics. In other words K 
consists of two functionals encoding the dynamics of the two-form J and the real three- 
form Re(Cf2). In type IIA orientifolds it is not difficult to rewrite in a form similar 
to fl3.49p . Defining the odd form 



i^""" = U + iU = Cn , (3.103) 



one finds 



= -21n$^(W) , $a(Z^) = = i j ^p"^^ A ^"'^'^ . (3.104) 

The function $yi(W) is known as Hitchins functional for the real three- form U [831 [76]. The 
orientifold constraint (13.161) restricts its domain to U E if^(y). Applying the fact that 
$^(W) is a homogeneous function of degree two obeys the no-scale type conditions 
fl3.96p . fl4.50p . This is independent of the chosen basis and can be also shown directly as 
done in section 14.1.21 



^''This combination of forms has also appeared recently in ref. |123| in the discussion of D-instanton 
couplings in the A-model. Here they appear as the proper chiral TV = 1 variables and as we will see in 
the next section they linearize the D-instanton action. 
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The no-scale conditions are violated when further stringy corrections are included. 
K receives additional contributions due to perturbative effects as well as world-sheet 
and D2 instantons. It is well-known that the combination = B2 + iJ gives the 
proper coupling to the string world-sheet such that world-sheet instantons correct the 
holomorphic prepotential as f(t) = —^]Cabct"'tH'^+0{e~^). Since we divided out the world- 
sheet parity these corrections also include non-orient able Riemann surfaces, such that the 
prepotential f{t) consists of two parts f{t) = forif) + funorif)- The function for counts 
holomorphic maps from orientable world-sheets to Y , while funor counts holomorphic 
maps from non-orientable world-sheets to Y In the next section we show that 

D2 instantons naturally couple to the complex three-form Vt^ and they are expected to 
correct K^. 

3.5 Mirror symmetry 

In this section we discuss mirror symmetry for Calabi-Yau orientifolds from the point of 
view of the effective action derived in the large volume limit. More precisely, we compare 
the = 1 data for type IIB orientifolds on Y jos (section [S.S.Sp with the data for type 
IIA orientifolds on YjoA (section I3.4.3p . Since we want to discuss mirror symmetry 
we choose Y to be the mirror manifold of Y . This implies that the non-trivial Hodge 
numbers /i^^'^) and /i^^-i) of F and Y satisfy /^(^'^^(F) = and = /i(i.i)(r) 

as already given in section 12.41 where we briefly introduced N = 2 mirror symmetry. In 
orientifolds we also have to specify the involutions a a and as which are identified under 
mirror symmetry. Since the discussion in this article is quite generic and never specified 
any involution a explicitly we also keep the discussion of mirror symmetry generic. That 
is we assume that there exists a mirror pair of manifolds Y and Y with a mirror pair of 
involutions o"a,o"b. Matching the number of = 1 multiplets summarized in table [XT] 
implies an orientifold version of fl2.35p l^ i.e. 

03/07 : hh\Y) = h'_l\Y) , /i^'(F) = hl\Y) , 

05/09 : hh\Y) = hl\Y) , /i^'(F) = . (3.105) 

Our next task will be to match the couplings of the mirror theories. Since the effective 
actions on both sides are only computed in the large volume limit we can expect to find 
agreement only if we also take the large complex structure limit exactly as in the N = 2 
mirror symmetry. However, if one believes in mirror symmetry one can use the the 
geometrical results of the complex structure moduli space to 'predict' the corrections 
to its mirror symmetric component. This is not quite as straightforward since the full 
= 1 moduli space is a lot more complicated than the underlying N = 2 space [62]. Let 

^'^For the sector of A^'^ mirror symmetry is a constraint on the couphngs rather than the Hodge 
numbers. 
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multiplets 


IIAy 06 


IIBy 03/07 


IIB^ 05/09 


vector multiplets 








chiral multiplets in Ai^^ 








chiral multiplets in A^**^ 




+ 1 


/i(i'i) + 1 



Table 3.1: Number of N = 1 multiplets of orientifold compactifications. 



us therefore start our analysis with the simpler situation of the special Kahler sectors 
Ai^, Ai^ in (13.861) and fl3.48p and the vector multiplet couplings and postpone the 
analysis of to section [3.5.21 



3.5.1 Mirror symmetry in A4^ 

Recall that the manifold A^^^ is spanned by the complexified Kahler deformations t°- 
preserving the constraint (13.141) . Under mirror symmetry these moduli are mapped to 
the complex structure deformations which respect the constraint (13.91) . In both cases the 
Kahler potential is merely a truncated version of the N = 2 Kahler potential and one 
has 



K 



K 



In 



J A J A J 



Y 



T^cs 



-In 



QAQ 



(3.106) 



Both Kahler potentials can be expressed in terms of prepotentials fAit),fB{z) and in 
the large complex structure limit fsiz) becomes cubic and agrees with fA{t)- Mirror 
symmetry therefore equates these prepotentials and exchanges with Q A exactly as 
in iV = 2 



f^it) = fniz) 



In jl26] the N = 2 version of this map was written into the form 



(3.107) 



(3.108) 



where Jc is given in (I3.102p . Thus for A4^^ mirror symmetry is a truncated version of 
N = 2 mirror symmetry. As we will see momentarily this also holds for the gauge kinetic 
couplings which depend holomorphically on the moduli spanning J\4^^. 

In type IIA the gauge-kinetic couplings are given in (13.851) and read fa/sit) = iJCa/scf^- 
The IIB couplings were determined in (I3.6ip to be 



a/3 



Z 



/3 



-ij' a. 



:/3 ' 



(3.109) 



^^The authors argued that this should be true also for mirror symmetry of certain non-Calabi-Yau 
backgrounds. 
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where in order to not overload tlie notation we are using the same indices for both caseso 
More precisely we are choosing 

a,f3 = l,...,h^+'^\Y) , a,b = l,...,h'L'^\Y) , for 03/07, 

a,f3 = l,...,h^y\Y) , a,b = l,...,h^+^\Y) , for 05/09. (3.110) 

The matrix J-'apiz"') is holomorphic and the second derivatives of the prepotential re- 
stricted to Ai^. In the large complex structure limit J-'a/s is linear in z"' and therefore 
also agrees with the type IIA mirror couplings. Thus mirror symmetry implies the map 

Mapit"') = Mapiz'^) in both cases. 

This concludes our discussions of mirror symmetry for the chiral multiplets which 
span M.^^. We have shown that the Kahler potential and the gauge-kinetic coupling 
functions agree in the large complex structure limit under mirror symmetry. In this sector 
the geometrical quantities on the type IIB side include corrections which are believed to 
compute world-sheet non-perturbative effects such as world-sheet instantons on the type 
IIA side. This is analogous to the situation in = 2 and may be traced back to the 
fact, that it is still possible to formulate a topological A model counting world-sheet 
instantons for Calabi-Yau orientifolds [601 HH] • 

3.5.2 Mirror symmetry in M*^ 

Let us now turn to the discussion of the Kahler manifolds ^^^4 and M.'^ arising in the 
reduction of the quaternionic spaces. On the IIA side the Kahler potential is given in 
(13.1011) which is expressed in terms of the /i*^^'^^ + l coordinates (A^'^, Tx) defined in fl3.100p . 
In this definition we did not fix the scale invariance (13.701) Vt fie"^®^'^^ or in other words 
we defined the coordinates in terms of the scale invariant combination CQ. Somewhat 
surprisingly there seem to be two physically inequivalent ways to fix this scale invariance. 
In A^ = 2 one uses the scale invariance to define special coordinates = /Z^, z^ = 1 
where Z^ is the coefficient in front of the base element Qq. The choice of Z^ is convention 
and due to the symplectic invariance any other choice would be equally good. However, 
as we already discussed in section 3.1 and 3.3 the constraint (I3.16P breaks the symplectic 
invariance and decomposes into two eigenspaces © H'^. Thus in (13.991) we have 
the choice to scale one of the equal to one or one of the Z^ equal to i. Denoting 
the corresponding basis element by a^, these two choices are characterized by ^ 
or OfQ ^ H'^. This choice identifies the dilaton direction inside the moduli space and 
therefore is crucial in identifying the type IIB mirror. This is related to the fact that in 
type IIB the dilaton reside in a chiral multiplet for 03/07 orientifolds and in a linear 
multiplet for 05/09 orientifolds as we make more explicit in section H. 1.11 Let us discuss 
these two cases in turn. 



^''We rescaled the type IIB gauge bosons by V2 in order to properly match the normahzations. 
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The Mirror of IIB orientifolds with O'i/Ol planes 

We first want to show that in the large complex structure limit K*^ given in (13.951) 
coincides with given in (13.471) for orientifolds with O'i/01 planes. It turns out that 
in order to do so we need to choose ao G and the dual basis element (3^ G H^. It 
is convenient to keep track of this choice and therefore we mark the a's and /9's which 
contain and by putting a hat on the corresponding index. Thus we work in the 
basis (a^, /?'*') of and {a\, [3^) of H^. Therefore, we rewrite the combination CVt as 

Cn = g-^^{lao + q^ak + iq^ax) + ... , (3.111) 

where we introduced qa and the real special coordinates 

. - ^ , _ Re(CZ^) _ Im(CZ^) 

Re(CZO) ' ^ Re(CZO) ' ^ Re(CZO) " ^ ' 

We also need to express the prepotential J^{Z) in the special coordinates q^^q^. In 
analogy to ( ]B.16|) one defines a function /(g) such that 

J'{Re[CZ%i\m[CZ^]) = i{Re[CZ^]f f{q\q^) . (3.113) 

We are now in the position to rewrite the = 1 coordinates ,T\ given in (13.1001) in 
terms of qa and the special coordinates q^ . Inserting (I3.112p into (I3.100p one obtains 

= \e + ^9A\ = l^'' + zg-/q\ T, = t^,-2g-/Mq), (3.114) 

where f\ is the first derivative of /(g) with respect to q^. 

The final step is to specify /(g) in the large complex structure limit. In this limit the 
N = 2 prepotential is known to be 

^(Z) = 1{Z')-'kklmZ''Z'^Z^' . (3.115) 

Inserted into the orientifold constraints (I3.98P one infers 

l^klm = KkM = , (3.116) 

while K^A/i and KKim can be non-zero. Using (13.1160 . (13.1130 and (13.1121) we arrive at 

/(g) = -lK,x,qVq' + k'^.kiq^l'<l' ■ (3-117) 

In order to continue we also have to specify the range the indices k and A take on 
the IIA side. A priori it is not fixed and can be changed by a symplectic transformation. 
Mirror symmetry demands 

k = l,...,h^l^'\Y) , A=1,...,/.J'^)(F) , (3.118) 
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or in other words there have to be h^}'^\Y) basis elements and h^^'^\Y) basis elements 
f3^ in if^(y). In addition the non- vanishing couplings k^x^ and have to be identified 
with /CkA^j and ICKim appearing in the definition of the type JIB chiral coordinates f l3.44p . 
With these conditions fulfilled we can insert fl3.117p into (13.1141) and compare with fl3.44p . 
This leads to the identification 

iV^ = (r, G^) and = 2Tf , (3.119) 

which in terms of the Kaluza-Klein variables corresponds to 

e^^ = QA, = v\ q' = -b' , 

^0 = 2Co, = 2(0^= - Co&') , (3.120) 
a = 2px - 2ICxMc'b' + ColCxkib'b^ ■ 

With these identifications one immediately shows e^^ = e^'^ , where e^-* and e^^ are 
the four-dimensional dilatons of the type IIA and IIB theory. This implies that the 
Kahler potentials (I3.95P and (I3.47P of the two theories coincide in the large volume - 
large complex structure limit. However, the corrections away from this limit cannot be 
properly understood from a pure supergravity analysis. It is clear that includes 
corrections of the mirror IIB theory but the precise nature of these corrections remains 
to be understood. 



The Mirror of IIB orientifolds with 05/09 planes 

In this section we check mirror symmetry for type IIB orientifolds with 05 / 09 planes with 
complex coordinates and Kahler potential determined in section [3.3.3l In order to find the 
same chiral data on the IIA side, we have to examine the case where ao G H'^. Therefore 
we choose a basis {ak, P^) of H'l and {a^,P^) of H'^. We rewrite the combination CQ in 
this basis as 

Cn = g^\i ao + iq^ax + q^at) + ... (3.121) 
where we introduced the real special coordinates 

. - ^ , _ Re(OZ^) _ Im(OZ^) 

~ Im(OZO) ' ^ ~ Im(OZO) ' ^ ~ \m{CZ^) ' ^ ' 

Let us also express the prepotential T{Z) in terms of q^, q^. As in = 2 one defines a 
function /(g) such that 

T{Re[CZ%i\m[CZ~^]) = -z(lm[OZ°])' g^) ■ (3.123) 

We can now rewrite the A^ = 1 coordinates T^, given in fl3.100p in terms of q^, q^ and 
gA as 

= ie + ^9AV, Tx = ilx + 2g-/fx{q) . 
To = tio + 2g2\2fiq)-fxq'-hq''), (3.124) 
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where f\, fk are the first derivatives of /(g) with respect to and . 

Going to the large complex structure limit, the N = 2 prepotential takes the form 
(13.1151) . We split the indices a.s K = {k, A) and apply the constraints (I3.98P to find that 

f^K\^i = f^Kkl = Kkim 7^ , K^xi 7^ . (3.125) 

Using (13.1251) and (13.1231) we can calculate /(g) as 

/(g) = li^kimq'q'q"' - l^.xkq^'qY ■ (3.126) 

In order to match the chiral coordinates Tq, Tx, with the type IIB coordinates of (13.541) 
we need again to specify the range of the indices on the type IIA side. Obviously we 
need 

k = l,...,h^_^^'\Y) , X=l,...,h^}'\Y) , (3.127) 

which is the equivalent of (I3.118P with the plus and minus sign interchanged. Thus the 
non- vanishing intersections can be identified with JCkim and JC^xk on the IIB side. Insert- 
ing /(g) back into the equations (I3.124p for the chiral coordinates A^'^, and demanding 
(13.1271) one can compare these to the type IIB coordinates (I3.54p . One identifies 

= 2{S, Ax) , A^'' = it'' . (3.128) 

In terms of the Kaluza-Klein modes this amounts to the identification 

9A = e^- , q' = -v\ q' = b\ ^ = -2c' , 

a = 2px - 2}Cx.ic'b^ , = 2h + KixJh^h^ - pxb^ . (3.129) 

With these identifications one shows again e^^ = and as a consequence the Kahler 
potentials (13.950 and (I3.57P agree in the large volume - large complex structure limit. 

In summary, we found that it is indeed possible to obtain both type IIB setups as 
mirrors of the type IIA orientifolds. In analogy to (13.1080 we found by comparing (13.1020 
with (13.420 and (I3.53P the mirror relation 

03/07 : ^ ip^" , Cs^A, 

05/09 : ip"'^'^ ^ -i'p^'' , O3 ^ ^ , (3.130) 

where yj"'^'^, Lp^'" and A are defined in (13.1031) and (I3.43p . Furthermore, we found that the 
functionals $^ and have to identified as 

03/07 : <I>a(W) ^ $b(^) , 05/09 : $b(W) ^ $b(^) , (3.131) 

such that the Kahler potentials are matched. However, the crucial role of the two defini- 
tions of special coordinates remains to be understood further. 

Let us close this chapter with a brief remark on the generalizations of this result. For- 
mulated in this abstract fashion equations (I3.130p and (I3.13ip are expected to hold even 
for orientifolds of generalized complex manifolds. This includes certain SU (3) structure 
manifolds, such as half-flat manifolds. This looks very promising and deserves further 
investigation |118j . 



Chapter 4 



Linear multiplets and the geometry 
of the moduli space 



In this chapter we explore the geometry of the = 1 moduh space in more detail. Our 
attempt is to get some deeper understanding of the properties of the Kahler manifolds 
obtained from the = 2 to = 1 reduction performed in the previous chapter. Recall 
that the orientifold moduli space is a direct product 

where = 1 supersymmetry demands each factor to be a Kahler manifold. Ai^^ is a 
submanifold of the N = 2 special Kahler manifold A4^^ parameterizing complex structure 
deformations in type IIB and complexified Kahler structure deformations in type IIA. As 
we have shown also Ai^^ is special Kahler, since it inherits its complex structure from 
/A^^ and admits a Kahler metric obtained from a prepotential. 

The reduction of the hypermultiplet sector is more 'radical' since it defines a Kahler 
manifold Ai^ inside of a quaternionic manifold Ai^, which itself is not necessarily Kahler. 
This Kahler submanifold has half the dimension of the quaternionic space. In general it 
is a difficult mathematical problem to characterize Kahler manifolds inside quaternionic 
ones jll2j . However, the quaternionic manifolds obtained by Calabi-Yau compactifica- 
tions of type IIA or type IIB supergravity posses special properties. As shown in [521 
they can be constructed from special Kahler manifold A4^^ via the local c-map, 

Ml^ ^ Ml,,, (4.2) 

where 2n and 4n + 4 are the real dimensions of Ai^^ and Ai^. These quaternionic 
manifolds are termed special or dual quaternionic. One observes that their metric depends 
on only half of the bosonic fields in the hypermultiplets, or, in other words, on half of the 
quaternionic coordinates. More precisely, the components of the metrics fl2.24p and (12.341) 
on Ai^ are functions of only NS-NS scalar fields M^g. The second half are R-R scalar 
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fields denoted by M/rr wliich appear in the quaternionic metrics only as a differential 
and hence posses Peccei-Quinn shift symmetries 

M,RR^MjRR + C7 , (4.3) 

for arbitrary constants Cj. 

The orientifold projection truncates half of the NS-NS fields and half of the R-R 
fields. = 1 supersymmetry forces the remaining fields to span a Kahler manifold M.^. 
Furthermore, it can be seen in tables 13.21 and 13.21 that supersymmetry combines each 
NS-NS field Mj^g together with a R-R field M/rr into a chiral multiplet with bosonic 
components = (Mj^g, M/rr) spanning J\4^. The fact, that the R-R fields posses shift 
symmetries allows us to chose a set Mqrr and dualize them into two-tensors -D2RR- This 
amounts to replacing the chiral multiplets M" by linear multiples L° = (M^g,D2RR)! 
while keeping the remaining fields M" chiral. The manifold Ai^a spanned by the real 
scalars M^g and the complex scalars M°- still contains all the information about the full 
Kahler space Ai'^. In that one can construct Ai^ starting from Ai^a, 

~ o dualization of D? ~ , ^ 

M% ^ . (4.4) 

This dualization procedure will be discussed in section |4?T1 As we will explain there, the 
kinetic terms and couplings of the chiral and linear multiplets can be encoded by a single 
function K being the Legendre transform of the Kahler potential. As an application we 
determine K for all three orientifold setups. Firstly, in section 14.1.11 we apply the linear 
multiplet formalism to JIB orientifolds. Secondly, in section 14.1. 21 we provide the missing 
calculation of the Kahler potential for Ai^ for general IIA orientifolds. In this derivation 
we apply the techniques connected with the map 04.41) . 

Finally, recall that the quaternionic space can be obtained from Ai^^ via the local 
c-map construction (14.21) . In section \^72\ we construct the map 

^SK^_^Q N=l c-map^ _^q^ ^^^^^ 

which can be interpreted as the A^ = 1 analog of the local c-map (14. 2p . As we will show it 
is closely related to the dualization in (14.41) . when specifying the right chiral fields for 
dualization. This construction is inspired by the one presented in [73] , where the moduli 
space of Lagrangian submanifolds with U{1) connection is discussed. Furthermore, it 
provides the basis to extend the analysis to non-Calabi-Yau orientifolds. 

4.1 Linear multiplets and Calabi-Yau orientifolds 

In this section we rewrite the bulk effective action of type IIB and type IIA orientifolds 
using the linear multiplet formalism of ref . [Hj . In this way we will be able to understand 
the definition of the Kahler coordinates given in (13.441) , (13.541) and (13.1001) as a superfield 
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duality transformation and furthermore discover tlie no-scale properties of somewhat 
more conceptually. In an analog three-dimensional situation this has also been observed 
in [M!. 

Let us first briefiy review = 1 supergravity coupled to n linear multiplets L", a = 
1, . . . , n and r chiral multiplets N^, A = 1, . . . , r following [74j. Linear multiplets are 
defined by the constraint 

(D^ - 8i?)L" = = (D^ - 8/?)L" , (4.6) 

where D is the superspace covariant derivative and R is the chiral superfield containing 
the curvature scalar. As bosonic components L contains a real scalar field which we 
also denote by L and the field strength of a two-form D2. The superspace Lagrangian 
(omitting the gauge interactions) is given by 

S=-^ j E F{N^, iV^, L") + 1 y I p^(jv) + ^ / fp e^^' ^(^) ' (4-7) 

where E is the super-vielbein and W the superpotential. The function F depends im- 
plicitly on the Kahler potential K(N'^, N^, L") through the differential constrainlQ 

1 - h^KLc. =F- L'^Flc, , (4.8) 

which ensures the correct normalization of the Einstein-Hilbert term. The subscripts on 
K and F denotes differentiation, i.e. Kl^ = Fia = etc. . Let us also define the 
kinetic potential K and rewrite (14.81) as 

k = K-3F , F = l- IKl^L'' . (4.9) 

Expanding (14. 7p into components one finds that K determines the kinetic terms of the 
fields. More precisely, the (bosonic) component Lagrangian derived from (14. 7p is found 
to bd 

£ = -lR*l- KABdN"^ A*dN^ + \KLo.LfsdL'' A*dL'^ -V *1 

+ \kLcLP dD^ A *dD^ -^dD^A {K^a dN^ - K^^ dN^) , (4-10) 

where 

V = e^[k^^DAWDBW -{'i-L''KLc.)\W\^^ . (4.11) 

We see that the function K{N, N,L) = K — 3F determines the kinetic terms of the fields 
A^^ and as well as the couplings of the two-forms D2 to the chiral fields A^^. Note 

^Strictly speaking K{N^ , , L") is not a Kahler potential but as we will see it determines the 
kinetic terms in the action. 

^This is a straightforward generalization of the Lagrangian for one linear multiplct given in [74 . The 
potential for this case has also been given in \22\ . 
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that only derivatives of Fi^ appear leaving a constant undetermined. This 

constant drops out from (14.81) . 

In a next step we like to recover the standard = 1 effective action by dualizing 
the linear multiplets into chiral multiplets Tq,. This establishes the map (14.41) . which 
will be a useful tool in the remainder of this chapter. From here we can proceed in 
two ways. We can dualize the two-forms D2 in components and show that the resulting 
action is Kahler by determining the Kahler potential and complex coordinates. This 
is done in appendix [C] and provides a simple, but somehow more tedious dualization 
procedure. However, performing the duality in superspace yields directly the proper 
Kahler coordinates and Kahler potential K{T, T, N, N). 

The duality transformation in superfields is performed in detail in [71] and here we 
only repeat the essential steps. One first considers the linear multiplets to be uncon- 
strained real superfields and modifies the action (14.71) to reaclfl 

^ = -3 J E (^F{N^, N^, L") + 6L"(T„ + f,)) + . . . , (4.12) 

where the are chiral superfields and in order to be consistent with our previous con- 
ventions we have included a factor 6 in the second term. Variation with respect to 
results in the constraint that L"" are linear multiplets and one arrives back at the action 
(14. 7p . Variation with respect to the (unconstrained) L° yields the equation^ 

6(r, + f,) + Flo. - \Kl^ [F + 6L^(r^ + f^)) = , (4.13) 

where we have used 5lE = —^EKl^SL'^. This equation determines in terms of the 
chiral superfields N^^T^ and is the looked for duality relation. However, depending on 
the specific form of F and K one might not be able to solve (14.131) explicitly for L° but 
instead only obtain an implicit relation L"'{N, N,T + T). Nevertheless one should insert 
L°'[N, N,T + T) back into (I4.12p which then expresses the Lagrangian (implicitly) in 
terms of and therefore defines a Lagrangian in the chiral superfield formalism. The 
unusual feature being that the explicit functional dependence is not known. A correctly 
normalized Einstein-Hilbert term is ensured by additionally imposing 

F(Ar,iV,L) + 6L"(T, + 7;) = 1 . (4.14) 

Contracting (I4.13P with and using equation (14.140 one obtains (14.81) . Thus F has to 
have the same functional dependence as before and therefore eqn. (14. 9 p is unmodified, 
but one should insert L{N, N ,T + T) implicitly determined by (14.130 . Using (I4.14p the 
duality condition (14.131) can be cast into the form 

T„ + f, = iiri. , (4.15) 

■^We omit the superpotential terms here since they only depend on N and play no role in the dual- 
ization. 

^Notice that there is a misprint in the equivalent equation given in [74j . 
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where K is tlie kinetic potential defined in (14 .9 1) . We also like to rewrite the Kahler 
potential K{L{N, N,T + f),N, N) in terms of K. Inserting KT5\i into K9h one infers 

K{N, N,T + f) = k{N, N, L) - 2(T, + f,)L'^ , (4.16) 

where we removed a constant factor by means of a Kahler transformation. Equation 
f l4.15p identifies + T„ to be the canonical conjugate to L" with respect to while 
by (I4.16P the Kahler potential K is the Legendre transform of K. The equations (14.151) 
and (I4.16P characterize the map (14.40 and can be equivalently obtained by a component 
field dualization as shown in appendix O Before turning to the orientifold examples let 
us calculate the the bosonic effective action in terms of K and the coordinates 

iV^ , T„ = il^ + \Kl^ , (4.17) 

where is the scalar dual to and we have used (I4.15p . Using the Kahler potential 
(I4.16P one obtains 

C = -lR*l- Kj^.j^idN'' A*dN^ + \KL^L^dL'' A*dL^ -V *1 (4.18) 
+4^:^'^^' (^d^^ - llm{KL.jv^ dN')^ A * (^dix - ilm(KiA^. rfA^^)) . 

where K is the kinetic potential appearing in (14.160 . This is the dual Lagrangian to 
(I4.10p as can be equivalently shown by component field dualization (equation flC.23P ). 
We now give some explicit examples for this dualization, by applying it to the Calabi-Yau 
orientifolds studied in chapter [3l 

4.1.1 Two simple examples: Type JIB orientifolds 

I. 03/07 orientifolds 

Let us now restrict to simple potentials K{N, N, L) and F{N, N, L), which describe the 
correct kinematics for 03/07 orientifolds. Our aim is to rewrite the action (I3.37P in the 
linear multiplet formalism. As we are going to show this enables us to circumvent the 
implicit definition of the Kahler potential (I3.46p . In other words, replacing the chiral 
multiplets with linear multiplets as just described allows us to give an explicit 
expression for K in terms of r, z and [|39] . This is achieved by the Kahler potential 

K = Ko{N^,N'^) + a\n{}Cap^L''L^L"') , (4.19) 

where we leave Kq^N"^, N^) and the normalization constant a arbitrary for the moment. 
Inserting (14.191) into (14. 8 p shows that possible solutions F have the form 



F = 1 - a + i L"Cr(iV^ iV^) , 



(4.20) 
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where the real functions ^^{N^, N^) are not further determined by fl4.8l) . In that sense 
the (^{N"^, N"^) are additional input functions which determine the Lagrangian since 
they appear in the kinetic potential (14.91) . Comparing (I3.44p with (14. 151) by using (14.191) 
and (I4.20p we are led to identifjQ 

« = 1, L" = |e^^, Cf = - ., ' . IC^UG-Gf{G-Gr , (4.21) 

where = Ca + Ca was already given in ( 13.451) . Hence, we have shown that the definition 
of the Kahler coordinates in (I3.44p is nothing but the duality relation (14.150 obtained 
from the superfield dualization of the linear multiplets to chiral multiplets Tq,J§ It 
remains to determine Kq. Comparing (14.190 by using (14.210 with (13.460 one finds 

Ko = K,,iz,z)-\n[-t{T-f)] . (4.22) 

In summary, the low energy effective action for 03/07 orientifolds can be rewritten by 
using chiral multiplets {z^, r, G") and linear multiplets L". This supergravity theory is 
determined (in the formalism of ref. [74j and apart from W and / which we can neglect 
for this discussion) by the independent functions K and F given in (14.191) and (14.201) 
together with (14.210 and (14.220 . Inserted into (14.90 we determine the kinetic potential 



K{z, r, G, L) = KUz, z) + In j - "°°^o ' (4-23) 

where we have defined = ImC^ and /° = Imr. In the dual formulation where the linear 
multiplets L" are dualized to chiral multiplets the Lagrangian is entirely determined 
by the Kahler potential given in (13.460 with the 'unusual' feature that it is not given 
explicitly in terms of the chiral multiplets but only implicitly via the constraint (I4.15p . 
In this sense the orientifold compactifications (and similarly the compactifications of F- 
theory on elliptic Calabi-Yau fourfolds considered in [22] and section 16711) lead to a more 
general class of Kahler potentials then usually considered in supergravity. In fact the 
same feature holds for arbitrary Kq and arbitrary C,^, such that also 03/01 orientifolds 
with space-time filling D3 and D7 branes fall into this class as shown in [311 1100] . 

Furthermore, these 'generalized' Kahler potentials are all of 'no-scale type' in that 
they lead to a positive semi-definite potential V . For a = 1 (and arbitrary Kq and Co) 
the Kahler potential (I4.19P obeys 

L^'Klo. = 3 , (4.24) 



'"^Strictly speaking (|4.15p only determines the real part of Tq,. The imaginary part can be found by 
comparing the explicit effective actions p.37[) and (|4.18p . 

^The case a = 1 is a somewhat special situation in that the function F does not have a constant 
piece but only the term linear in L". This in turn requires that the cannot be chosen zero but that 
they have at least a constant piece so that F does not vanish. This constant is otherwise irrelevant 
since it drops out of all physical quantities. (In a slightly different context the case a ~ 1 has also been 
discussed in ref. [124] .) 
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and hence the the second term in the potential fl4.1ip vanishes leaving a positive semi- 
definite potential with a supersymmetric Minkowskian ground state. Since in the chiral 
formulation K cannot even be given explicitly one can consider such as a 'generalized' 
class of no-scale Kahler potentials. The analogous property has also been observed in 
refs. W7 \ I119j . Finally note with what ease the no-scale property follows in the linear 
formulation compared to the somewhat involved computation in the chiral formulation 
performed in [39] . 



II. 05/09 orientifolds 

As second simple example let us dualize the effective action fl3.38p of orientifolds with 
05/09 planes. In this case our motivation is slightly different, since in contrast to 
03/07 orientifolds, the Kahler potential is already given explicitly in terms of the Kahler 
coordinates. Recall however, that type JIB compactified on a Calabi-Yau naturally admits 
a double tensor multiplet (0, Oq, -B2, O2) which is truncated to the hnear multiplet L = 
(0,02) by the 05/09 orientifold projection. In section [3731 we dualized O2 to a scalar h 
and extracted the Kahler potential in the chiral picture. However, with the techniques 
presented above, we are now in the position to formulate this = 1 theory by keeping 
the linear multiplet L [HS]. 

Let us determine K = K — 3F encoding the couplings of the chiral and linear multi- 
plets in (l4.1Up . As we will show in a moment the potential K{N, N, L) and the function 

F{N, N, L) are given by 

K = Ko + \nL, F = | + |LC^, (4.25) 

which is readily checked to be a solution of the normalization condition (14.81) . Comparing 
equation fl4.15p for S by using the Ansatz (I4.25p with the definition (I3.54p of S one 
determines L and as 

L = |e^/C-i , C^ = \{A + A)a{Ree-'r\A + A), . (4.26) 

Inserted back into 04.250 indeed yields the Kahler potential (13.560 if we identify 



Kq = Kcs{z,z) - In 



jslCap-y{t + int + i)''it + iy , (4.27) 



Thus we have shown that the kinetic terms can consistently be described either in the 
chiral- or the linear multiplet formalism and we have determined the appropriate coor- 
dinates. 

Let us supplement our analysis with another formulation of the 05/09 setups. Namely 
we like to dualize the chiral multiplet S as well as the chiral multiplets Aa into a lin- 
ear multiplets and L". As we will see, this will be a first case where F{N, N, L) is 
not linear in the linear multiplets LP,L'^ in contrast to (14.201) and (14.251) . We will show 
momentarily that the Kahler potential still has the form 

K{z,t,L) = Ko{z,t)+\nL\ (4.28) 
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where Kq is the same as in fl4.27l) . F can be deduced from equation fl4.15p . which 
translates to 

\kL^ =S + S , \kLa = Aa + Aa (4.29) 
Inserting 04.281) and the coordinates S, Aa given in (13.541) one easily concludes that 

= lef^ , = |e^^ , F = | - |(L°)-^/C„,,(t" + r)L^L' . (4.30) 

where L° is equal to L in (I4.26p . Together with (I4.28P this is consistent with the nor- 
malization equation (14.80 . Inserting (I4.28P and (I4.30p into (14.90 the kinetic potential 
reads 



K{z, t, A, L) = K^z, -z) - In ) + ^ , (4.31) 

where we have defined /° = Ret°. 

Let us close this discussion by comparing this kinetic potential with the one obtained 
for 03/07 orientifolds in (14.231) . They are identical under the identifications 

koz/o7 ^ -ko,/o9 , ^ r , ^ (L^L°) . (4.32) 

Note however, that this is a rather drastic step, since we identify linear multiplets of the 
one theory with chiral multiplets of the other. It would be interesting to explore this 
duality in more detail. It corresponds in simple cases to two T-dualities and manifests 
itself by a rotation of the forms 

y,^^ ^ {g,S) ^ {-S,S) . (4.33) 

This ends our discussion of IIB orientifolds. As we have seen, much of the underlying 
Kahler geometry can be directly analyzed by simply switching to the linear multiplet 
picture. 



4.1.2 An involved example: Type IIA orientifolds 

Let us now turn to a more involved application of the linear multiplet formalism or 
rather the Legendre transform method behind (I4.15P and (14.161) . Namely, we will present 
a more detailed analysis of the moduli space Ai^ for type IIA orientifolds [H]. Our 
aim is to show that the Kahler potential (13.951) with coordinates Tx,N^ introduced in 
(13. loop indeed encodes the correct low-energy dynamics of the theory obtained by Kaluza- 
Klein reduction. Furthermore, we show that always obeys a no-scale type condition 
equivalent to (13.960 . 

Let us start by performing the reduction of the ten-dimensional theory by using 
the general basis (a^,/3^) introduced in (13.990 . It was chosen such that it splits on 
H^{Y) =Hl®H^ as 



{ak, (3^) e HliY) , (aA,/3'=)Gif!(y), 



(4.34) 
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where both eigenspaces are spanned by h"^'^ + 1 basis vectors. As remarked above, we 
will only concentrate on the moduli space M.^, such that we can set = and A" = 0. 
Due to (I3.62p . the ten-dimensional three-form C3 is expanded in elements of H^{Y) as 

C^ = e{x)au-U^)P^ , (4.35) 

where ^'^j are h"^'^ + 1 real space-time scalars in four- dimensions. Inserting this Ansatz 
into the ten-dimensional effective action one finds 

S^^^ = J -dDA*dD- GKL{q) dq^ A *dq^ + \e^^ Im Mki d^^ A *dS! (4.36) 

+ ie2^ {ImM)-^ - Re A^,, rf^') A *{dlx - Re A^Afc d^) , 

where compared to (I3.75P only the terms involving ^'^,^a have changed. The metric 
GKL^q) was introduced in fl3.83p and is the induced metric on the space of real complex 
structure deformations A^^ parameterized by q^ . It remains to comment on the kinetic 
and coupling terms of the scalars In the quaternionic metric fl2.24p of the N = 2 

theory they couple via the matrix M. f^i given in (12.251) . Using the split of the symplectic 
basis {aj^,P^) as given in (14.341) and the fact that by Hodge duality for a form 7 G H'l 
one finds *7 G one concludes 

ReM^xiq) = ^eMkiiq) = ImA^.fe(g) = , (4.37) 

whereas ReA^fcA, Iki-^kA, ImA^fci are generally non-zero on Ai^. The explicit form of 
non-vanishing components can be obtained by restricting (]B.15P to Ai^ and using the 
constraints (13.981) . 

In order to combine the scalars e^, q^ with C,k, into complex variables, we have to 
redefine these fields and rewrite the first two terms in (I4.36p . Thus we define the /i^'^ -|- 1 
real coordinates 

ix ^ -e^Dlm[CZ\q)] , l'' = Re[CZ\q)] , (4.38) 

which is consistent with the orientifold constraint (I3.98p . The additional factor of e^^ 
was included in order to match the dilaton factors later on. Using (I4.38P one calculates 
the Jacobian matrix for the change of variables {e^,q^) to {l^,L^) as explicitly done in 
[H]. It is then straight forward to rewrite (I4.36P by using the identities flB.13p of special 
geometry as 

= j 2e-2^ImA^,A dL^ A *dL^ + 2e^^lmMki dl^ A *dl^ + ^ImMki d^^ A *d^' 

+ ^ {ImM)-' - ReM^kd^) A *{d^x - ReMxkd^) . (4.39) 

From (14.39P one sees that the scalars and ^'^ nicely combine into complex coordinates 



= i^'^ + ili^ = i^^ + iRe(CZ^) , 



(4.40) 
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which corresponds to fl3.100l) . In contrast, one observes that the metric for the kinetic 
terms of the scalars is exactly the inverse of the one appearing in the kinetic terms of 
the scalar fields L^. Hence, comparing fl4.39p with fl4.18p on concludes that this action 
is obtained by dualizing a set of linear multiplets {L^, D2) into chiral multiplets {L^, 
To extract K{L, N, N) we compare (14.391) with (14.181) and read off the metric 

Kl^l^ = 8e-2^ImA^,A, Ki>^ii = -Se^^'lmMki , Kl^i = -8Re M^i , (4.41) 

where we have used that the metric is independent of C,\- This metric can be obtained 
from a kinetic potential of the form 

Kmi) = -ln[e-^^] +8e2^Im[p*J^(CZ'^)] , (4.42) 

where JF is the prepotential of the special Kahler manifold A4^^ restricted to the real 
subspace A^jJ. The map p was given in (I3.82p and enforces the constraints fl3.98p . To 
show that K indeed yields the correct metric (I4.4ip one differentiates (14.420 with respect 
to e~^, and uses the inverse of the Jacobian matrix for the change of variables (e^, q^) 
to [l^^L^]. Applying equations (IB. 120 one finds its first derivatives 

K^x = -8Re[CJ^x{q)] = 8 e^^ lm[CJ^k{q)] ■ (4.43) 

Repeating the procedure and differentiating ( ]4.43p with respect to e~^,q^ and using 
once again the inverse Jacobian one applies ( IB. lip to show (I4.4ip . Knowing (14.420 one 
can also extract the functions F{L, N, N) and K{L, N, N) by applying (14. 9p . As we will 
show momentarily K and F = ^{K — K) are given by 

K{L, /) = - In [e-^^] , F(L, /) = -fe^^Im [p*J^{CZ)\ + \ . (4.44) 

It suffices to determine K which expressed in the correct coordinates serves as the Kahler 
potential in the chiral description. 

As explained in the beginning of this section the actual Kahler potential of A^^ is the 
Legendre transform (I4.16P of K with respect to the variables L"^. There we also found 
the explicit definition of the complex coordinates T\ combining (L'^,^a)- Using (I4.43P in 
(I4.15P and fixing the normalization of the imaginary part of Tx by comparing (14.390 with 
dHH]) one finds 

Ta = lix + \Klx = ilx - 2 Re(CFA) , (4.45) 

which coincides with (13.1001) already quoted in section [3.4.3[ To give an explicit expression 
for K'^ we insert equation (I4.42p into (I4.16p . Applying the N = 2 identity JF = ^Z^J-'^, 
the constraint equations (I3.98P and (I4.380 . (l4.43p we rewrite 

i^Q = - In [e-^^] + \(l^kiu - L^Klx) . (4.46) 

It is possible to evaluate the terms appearing in the parentheses. In order to do that we 
combine the equations (14.380 and (14.430 to the simple form 

Re{CQ) = l^ak + \kLxp^ , e^^lui{C^) = -L^ax-\kikP^ ■ (4.47) 
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We now use equation fl2.1ip and the definition fl3.89l) of C to calculate 

2 j Re{CQ) A lm{Cn) =i j Cfi A CTI = e'^^ . (4.48) 

Inserting the equations (14.471) into (I4.48P we find 

L^k^y^ - I'^kik = 4 . (4.49) 

Inserted back into (I4.46P we have shown that the Kahler potential has indeed the form 
(l3.95p FI Moreover, (14.490 directly translates into a no-scale type condition for 

K^^K-'^^'k^, = 4 , (4.50) 

where = (T^, N''). In order to see this, one inserts the inverse Kahler metric (IC.30p . 
the Kahler derivatives flC.28P and the derivatives of (I4.49P back into (14.490 . In other 
words, we were able to translate one of the special Kahler conditions present in the 
underlying N = 2 theory into a constraint on the geometry of Ai^. Two non-trivial 
examples fulfilling are the 03/07 and 05/09 kinetic potentials and (^M>- 

They admit this simple form since instanton corrections are not taken into account. 



4.2 The geometry of the moduh space 

In this section we give an alternative formulation of the geometric structures of the 
moduli space Ai^ which is closely related the moduli space of supersymmetric Lagrangian 
submanifolds in a Calabi-Yau threefold [75]|fl In this set-up also the no-scale conditions 
(I3.96p . (14.490 are interpreted geometrically. This provides a more elegant description of 
the N = 1 moduli space and its special properties. Moreover, we construct the N = 1 
analog (14.51) of the N = 2 c-map (14.21) . Our analysis can serve as a starting point for 
the analysis of non- Calabi-Yau orientifolds by using the language of generalized complex 
manifolds invented by Hitchin [76] . 

In section [37il we started from a = 2 quaternionic manifold Ai^ and determined the 
submanifold by imposing the orientifold projection. = 1 supersymmetry ensured 
that this submanifold is Kahler. has a second but different Kahler submanifold 

A4^^ which intersects with A^*^ on the real manifold Ai^- The c-map is in some sense 
the reverse operation where Ai^ is constructed starting from A4'^^ and shown to be 
quaternionic [95l [92] . In this section we analogously construct the Kahler manifold Ai^ 
starting from At^. 

In fact the proper starting point is not Ai^ but rather Aiu = Ai^ x M which is the 
local product of the moduli space of real complex structure deformations of a Calabi-Yau 

^By using the equation (|4.48p and *n = —ift it is straight forward to show e^^^ — 2 / Re{Cil) A 
*Re(Crj) 

^This analysis can equivalently be apphed to the moduh space of G2 compactifications of M-theory. 
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orientifold times the real dilaton direction. The N = 2 analog of Aiu is the extended 
moduli space A4^^ = A4^^ x C where C is the complex line normalizing Q. The cor- 
responding modulus can be identified with the complex dilaton [122] . The orientifold 
projection fixes the phase of the complex dilaton (it projects out the four- dimensional 
B2) to be 9 and thus reduces C to M (figure HTT!) . The local geometry of M^. is encoded in 
the variations of the real and imaginary part of the normalized holomorphic three-form 
CQ. This form naturally defines an embedding 

E:Mk^VxV*= Hl{R) x H^{R) . (4.51) 

where V = iJ^(R) and we used the intersection form (a,/?) = f a A P on H^(Y) to 
identify V* = H'^{M.). V x V* naturally admits a symplectic form W and an indefinite 
metric Q defined as 

>V((a+,a_), (/5+,/3_)) = (a+,/3_> - (/3+,a_> , 

6;((a+,a_),(/3+,/3_)) = + a_) , (4.52) 

where a±,/3± e Hl{R). 

Now we construct E in such a way that A^k is a Lagrangian submanifold of \^ x V"* 
with respect to W and its metric is induced from Q, i.e. 

E*{W) = 0, E*{g)=g (4.53) 

where 

\g = dD®dD + GKidq^ ® dq^ (4.54) 

is the metric on A^r as determined in fl3.75p . As we are going to show momentarily E is 
given by 

E{q'^) = 2 (W, -e^^W) , (4.55) 

where U + iU = CQ, q^ = {e~^,q^) and Q is evaluated at q^ G M^. Additionally E 
satisfies 

^(E(g^),E(g^))=4, (4.56) 
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for all . This implies that the image of all points in M.^ have the same distance from 
the origin. Later on we will show that this translates into the no-scale condition (14.501) . 

Let us first show that the E given in (14.551) indeed satisfies (I4.53P and (14.561) . The ex- 
plicit calculation is straightforward and essentially included in the calculation presented 
in section 14.1.21 ^ In order to connect with section 14.1.21 let us first recall how we ap- 



plied the map (14.41) to extract the chiral data of the = 1 moduli space. We started 
with a special Kahler manifold M.^^ with metric determined in terms of a holomorphic 
prepotential T{Z). Next we assumed that the N = 2 theory with quaternionic space 
Ai^ constructed via the local c-map (14. 2 p allows a reduction to = 1. Accordingly the 
section Q{z) = Z^a^^ — J^^f^^ fulfills equation (I3.98P for some basis 

{ak,f3^)eHl, {ax,f3')eH'_ . (4.57) 

Using this basis we found the kinetic potential K{L,l) given in (14. 42 p . which explicitly 
depends on the prepotential JF. It encodes the metric on C Ai^ via the Kahler 
potential (14.161) . On the other hand, equation (I4.15P defines the complex structure on 

These steps can be translated into the language of this section. Namely, choosing the 
basis (I4.57P to expand the map E defined in (14.550 one finds 

E{q^) = (2/^afe + 2L"«, + iiT,./?^) , (4.58) 

where l^,L^ and K]^\,Kik are functions of as given in (I4.38P and (14.430 . We define 
coordinates = (2/*^, \Kj^\) on V and coordinates Vj^ = {^Kik, —2L^) on V* . In these 
coordinates the first two conditions in (I4.53P simply read 

E*{du^ ^dvj^) = Q , E*{du^ (S>dvj^) = g . (4.59) 

From section 14. 1.21 we further know that K^k., Kik are derivatives of a kinetic potential K 
and thus we can evaluate du^ and dvp^ in terms of l^,L'^. Inserting the result into (14.591) 
the second equation can be rewritten as 

Ig = \kiuii dl^ ® dl^ - IKl.lx dL'' ® dL^ , (4.60) 

while the first equation is trivially fulfilled due to the symmetry of Kiku and Kik^x. This 
metric is exactly the one appearing in the action (14.391) when using (14.411) . Expressing 
g in coordinates e^, q^ leads to (I4.54p . as we have already checked by going from (14.361) 
to (I4.39P above. Furthermore, inserting (I4.58P into (14.561) it exactly translates into the 
no-scale condition (I4.49p . which was shown in section 14. 1.21 to be equivalent to (I3.96p . 



^Formally one has to first evaluate i?*(9QK) and expresses the result in terms of the (3, 0)-form and 
the (2, l)-forms xk- One then uses that by definition of the pull-back E*uj{d^K, •) = Lo{Ei,{d^K), •) for a 
form Lo on V y. V* . Applied to Q and W one finds that the truncation of the special Kahler potential 
(|2.11[) and (|2.9p indeed imply (|4.53p . This calculation does not make use of any specific basis of . 
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We have just shown that Ad^ is a Lagrangian submanifold oi V x V* . Identifying 
T*V = X V^* we conclude that A4u can be obtained as the graph {a{u),u) of a closed 
one-form a. This implies that we can locally find a generating function K' : V such 
that a = dK'. In local coordinates {vj^,u^) this amounts to 

, . dK' , , 

Vk{u) = ^ (4.61) 

such that 

_i».2^. = (4.62) 

These equations are satisfied if we define K' in terms of K as 

2K' = K{L{u),l) - Kl4u)L''{u) , (4.63) 

which is nothing but the Legendre transform of K with respect to L'^. Later on we show 
that the function 2K' is identified with the Kahler potential K given in (13.951) . 

In order to do that, we now extend our discussion to the full moduli space Ai'^ 
including the scalars = (^^,^k) parameterizing the three-form C*3 in if^(]R). Locally 
one has 

M^ = MrX HI{R) . (4.64) 
The tangent space at a point p in Ai^ can be identified as 

TpM^ = Hl{R) © Hl{R) ^Hl{R)®C , (4.65) 

where the first isomorphism is induced by the embedding E given in (14.551) . This is a 
complex vector space and thus Ai^ admits an almost complex structure /. In components 
it is given by 

J(9^xO = (du^/dq^) d^t , liidu^/dq^) d^t) = -d^ji , (4.66) 

where we have used that / is induced by the embedding map E. One can show that the 
almost complex structure I is integrable, since 

dw^ = du^ + idC^ = {du^/dq^)dq^ + idC^ , (4.67) 

are a basis of (1, 0) forms and = + iC,^ are complex coordinates on AA.'^. Using 
the definition of one infers that as expected = {N^,Ti^). Moreover, one naturally 
extends the metric g on TAi^ to a hermitian metric on TA4^. The corresponding two- 
form is then given by 

^{d^L,dgK) = g{Id^L,dgK) , u{d^K,d^i) = u^d^K.d^t) = . (4.68) 
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Using the definition fl4.66p of the almost complex structure and equation (14.531) . one 
concludes that a) is given by 

u = dvj^A dC^ = 2i ^—^dw^ A dw^ , (4.69) 

where for the second equality we applied (I4.6ip and expressed the result in coordinates 
= u^ + iC^. Note that K' is a function of only, such that derivatives with respect 
to translate to ones with respect to . Equation (14.691) implies that = 2K' is 
indeed the correct Kahler potential for the moduli space Ai^. 

So far we restricted ourselves to type IIA orientifolds. However, by using the mirror 
map (I3.130p one easily translates the above construction to IIB setups. In the JIB case 
the real manifold started with is simply the local product Ai^ = Ai^ x M, where At^ is a 
real slice in the complexified Kahler cone Ai^^ and M parameterizes the four- dimensional 
dilaton direction. Ai^ is locally spanned by the fields f ° and 6" introduced in section 
13.31 Once again we aim to find the embedding map E 

E:M^^VxV*. (4.70) 
In order to be more explicit we distinguish 03/07 and 05/09 setups and define 

Eo3/7{q^) = 2{£, e'^'^S) , Eo^Mq^) = 2{£, e^'^^S) , (4.71) 
where £ + i£ = e~'?^e~^+*"^ and = (e~^-^, f", 6"). Correspondingly we need to set 

^03/7 = ^^^' V*,,, = H'^^ Vo,/9 = Hl\ VS,/, = H^^\ (4.72) 
where we have abbreviated 

HI" = © /fi'''^ © //f , HI" = //j'''^ © i/l'-'^ © i/f . (4.73) 

Given a vector space V of even forms, the identification of V* with the respective coho- 
mology groups is done by using the intersection form {■,■) defined in (I3.50p . To check 
that Eo3/7 and E05/9 are defined correctly, one proceeds in full analogy to the type IIA 
case. Once again, the calculation simplifies considerably by using the existence of the 
kinetic potentials and flOTD . 

Let us summarize our results. We constructed the metric and complex structure of 
the Kahler manifold C A^*^ by specifying a map 

E-.M^-^VxV*, (4.74) 

where AtR parameterizes the real four-dimensional dilaton direction times certain defor- 
mations of the Calabi-Yau orientifold. V is an appropriately chosen vector space 

VijA = , VuB = H'^ , (4.75) 



^"Recall that = h^'^'^i = as discussed in section [331 
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where H^'^ = H'^ and is given in (14.73 p . More explicitly E takes the form 

E{q^) = 2 (p, -p/^a,b) , (4.76) 

where ^a,b{p) is given in (13.491) . fl3.58p and p = (U,S,£) depending on the orientifold 
setup. In order to evaluate ^a,b{p) = e~"^^ we use the definition of the four- dimensional 
dilaton fl3.39l) . Since A^k is embedded as a Lagrange submanifold in V x V* it can be 
locally given by the graph of the one-form dK'. Moreover, since E induces the metric 
on and a complex structure on A^k x V the function 2K' is nothing but the Kahler 
potential on the local moduli space = Aiu x V. Thus, the difficulty is to find the 
map E or, by recalling fl4.6ip . the functional dependence p(p). This non-linear map 

p ^ p{p) , (4.77) 

lies at the heart of Hitchins approach to extract the geometry of even and odd forms 
on six- manifolds EH]- One may thus hope to generalize Calabi-Yau orientifolds to 
non-Calabi-Yau orientifolds [118] . 



Chapter 5 



Calabi-Yau orientifolds with NS-NS 
and R-R background fluxes 



In this chapter we redo the reduction of type IIB and type IIA on Calabi-Yau orientifolds 
by additionally allowing for non-trivial R-R and NS-NS background fluxes. As we will 
show, these fluxes result in non-trivial potentials for the supergravity fields and can lead 
to charged scalars or massive tensors. 

We first discuss the two type IIB setups. In section 15.11 we show that in orientifolds 
with 03/07 planes fluxes introduce a superpotential only. More intriguingly, we point out 
in section [5l2] that 05/09 setups with background flux in general admit a superpotential 
as well as a massive linear multiplet. Thus, additionally to the kinetic terms studied in 
section 14.1.11 we find terms and a direct mass term for a linear multiplet [39l [78] . In 
both IIB orientifold cases the induced potentials depend only on some but not all bulk 
moduli fields in the theory. In order to find potentials for the remaining moduli one has 
to take non-perturbative contributions into account. In [32] it was argued that certain 
D-instantons induce corrections to the superpotential. To gain a better understanding of 
these corrections is subject of various recent work JHIHT]. In section [5741 we do only a very 
moderate step and check if the resulting leading order superpotentials are holomorphic 
in the bulk coordinates. Assuming a generic form of such a superpotential one might 
achieve that all bulk fields are stabilized in the vacuum [53, [Hj, [17] . 

In type IIA orientifolds the situation is slightly different. As we show in section 
15.3! generic NS-NS and R-R background fluxes induce a superpotential which depends 
on all bulk moduli of the theory. Hence, appropriately chosen background fluxes could 
stabilize all geometric moduli in type IIA orientifolds. Additionally, one can attempt to 
include corrections due to non-perturbative effects. A brief discussion of superpotential 
contributions due to world-sheet or D-instantons can be found in section 15.41 
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5.1 OZjOl orientifolds: GVW superpotential 

In this section we study 02)101 orientifolds by also allowing background three-form fluxes 
Hz and F3 on the Calabi-Yau manifold [131 [TTl [HI [201 [39] • The Bianchi identities together 
with the equations of motion imply that H^^ and F3 have to be harmonic three-forms. In 
orientifold compactifications they are further constrained by the orientifold projection. 
From (13.201) we see that for the projection given in (I3.10p they both have to be odd under 
a* and hence are parameterized by elements of ifi^-'(y)j3 It is convenient to combine the 
two three-forms into a complex G3 according to 

Gz = Fz-tHz, T = Co + te-'^. (5.1) 

(3) 

G3 can be explicitly expanded into a symplectic basis of H_ as 

G3 = w^af^ - , A; = 0, . . . , /i^^'^) , (5.2) 
with 2{hJ + 1) complex flux parameters 

= m^p- Tm% , = ef - ref . (5.3) 

However, in the following we do not need this explicit expansion and express our results 
in terms of G3. 

The reduction of the IIB theory is performed by replacing 

dB2 ^ dB2 + Hs , dC2 ^ dC2 + F3 , (5.4) 

in the field-strengths (I2.28p . and F3 are the background value of the field strengths 
F3 and H3 but do not effect F5 since the only possible terms would be of the form A C2 
or B2 A F3 but both C2 and B2 are projected out by the orientifold projection]^ The only 
effect of non-trivial background fluxes is the appearance of a potential V. It is manifestly 
positive semi-definite and found to be [T71 [20l [271 [29] 

V^ = e^(y" nAGs j nAGs + G'^' J XkAGs j Xz A 6-3) , (5.5) 

where K is given in fl3.46p , Xfc is a basis of H_ ' defined in f l3.23p and the background 
flux 6*3 is defined in (15.10 . The details of the computation of V can be found in [20l [39] . 

Strictly speaking the additional term /^l^p ~ Jy H3 A arises in the Kaluza-Klein 
reduction. However, consistency of the compactifications requires its cancellation against 
Wess-Zumino like couplings of the orientifold planes to the R-R flux [20] . 



^This uses the fact that the exterior derivative on Y commutes with a* . 

^We neglect subtleties appearing when B2, C2 do not arise with a derivative. These can be approached 
along the lines of [79] . 
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Finally, one checks that the potential fl5.5l) can be derived from a superpotential W 
via the expression given in fl3.4ip with vanishing D-term = 0. For orientifolds with 
= fe-^ = was shown to be [ISl [13 [201 [271 [29] 

W{t,z'') = j QAGs . (5.6) 

This continues to be the correct superpotential also if and 6" are in the spectrum [39], 
which is due to the fact that K'^ satisfies the no-scale condition (13.511) . This ends our 
analysis for 03/07 setups. Surprisingly, for 05/09 orientifolds the computation is more 
involved and forces us to once more apply and extend the linear multiplet techniques 
developed in chapter [H 



5.2 Ob/ 09 orientifolds: Gaugings and the massive 
linear multiplet 

We now turn to the effective action of 05 / 09 orientifolds with background fluxes. In or- 
der to detect the changes due to this non-trivial background, we proceed as in the 03/07 
case and first evaluate the field strengths (I2.28P including the possibility of background 
three-form fluxes and F^. Since B2 and hence H3 is odd it is again parameterized by 
Hi_ while C*2 and -F3 are even and therefore parameterized by . As a consequence 
the explicit expansions of the background fluxes and F3 are given by 

= m^afc-ef/?\ k = 1, . . . , h^^''\ 
F3 = m|a,-ef/3% k = 0, . . . , h^^''\ (5.7) 

where the {m'^,e^) are 2/i^'^'* constant flux parameters determining H3 and {m'^^e^) 
are 2h\' + 2 constant flux parameters corresponding to F3. Inserting (13.241) . (I3.26p and 
f l^ into fl^:^ we obtain 

= db" A cj, + m]jak - (3'' , F3 = dC2 + dd" A cj„ + F3 , 
F5 = A cu, + F^' A afc - Gfc A + rfp, A c:;'* (5.8) 

-dh" A O2 A - c^'dlfuja A cj^ , 

where we defined 

= dV'' - m%C2 , Gk = dUk - ef O2 . (5.9) 

As in section 13.31 the self-duality condition on F5 is imposed by a Lagrange multiplier 
and we eliminate and Uk by inserting their equations of motion into the action. 
After Weyl rescaling the four-dimensional metric with a factor /C/6 the N = 1 effective 
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j -\R*1-G^x dz'^ A *dz^ - Ga/3 dv"" A *dv^ - Gab db" A *db'' 
-£^/C G„/3 dc'' A *rfc^ - dC2 A *dC2 - \dC2 A {padh" - h^dpa) 

-dD A *dD - ^^G''\dpa - ICacaC^'db') A *(rfpfe - K.Mpc^db'^) -V*l 

+ iRe TWh F''AF' + ilm A^h A + \ekidV'' + F'') A C2 , 

(5.10) 
where 

= (/ f A F3 / n A F3 + / A F3 / X. A F3) (5.11) 

(ImA^)fc;m^ + (ef - (mjyReA^)fc) (imA^)"^''' (ef - {mHReM)i) . 

The derivation of this potential can be found in ref. [39jFI 

The action flS.lUp has the standard one-form gauge invariance ^ + dh.^ but 
due to the modification in (15.91) also a modified (Stiickelberg) two-form gauge invariance 
given by 

C2^C2 + dAi, y^^F'^ + m^Ai. (5.12) 

Thus for 7^ one vector can be set to zero by an appropriate gauge transformation. 
This is directly related to the fact that (15.101) includes mass terms proportional to 
for C2 arising from (15. 9p . In this case gauge invariance requires the presence of Goldstone 
degrees of freedom which can be 'eaten' by 6*2 Finally note that the last term in (15.101) 
also includes a standard D = A Green-Schwarz term F'^ A C2. 

5.2.1 Vanishing magnetic fluxes = 

The next step is to show that SqI^iq^ is consistent with the constraints of = 1 su- 
pergravity. However, due to the possibility of G2 mass terms this is not completely 
straightforward. A massive G2 is no longer dual to a scalar but rather to a vector. We 
find it more convenient to keep the massive tensor in the spectrum and discuss the A^ = 1 
constraints in terms of a massive linear multiplet. Before doing so, let us first discuss the 
situation = where F^ = F^ holds. In this case the G2 remains massless and can be 

•^Note that in this class of orientifolds the topological term jy H3 A F3 vanishes since there is no 

intersection between i?^ ' and H_ ' . Thus strictly speaking background D-branes have to be included 
in order to satisfy the tadpole cancellation condition. 

^Exactly the same situation occurs in Calabi-Yau compactifications of type IIB with background 
fluxes where both B2 and C2 can become massive (26j . 



action reads 
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dualized to a scalar field h which together with the dilaton (f) combines to form a chiral 
multiplet {4>,h). Using the standard dualization procedure (see section [273]) one obtains 
the effective action fl3.38p plus the potential V given in (15. lip evaluated at = 0. 
Furthermore, due to electric NS-NS fluxes the scalar h is gauged and we have to replace 
in (IS3H1) 

dh ^ Dh = dh-e^V^. (5.13) 

Hence, h couples non-trivially to the gauge fields as a direct consequence of the Green- 
Schwarz coupling A C*2 in (I5.10p . In the dualized action the scalar h then is charged 
under the U{1) gauge transformation h —>■ h + c^Aq with ^ + c^Aq. Note that 
the gauge charges are set by the electric fluxes. 

The Kahler potential (I3.56P with chiral coordinates (I3.54p and the gauge-couplings 
(I3.6ip remain unchanged for the theory with = 0. However, due to the non-trivial 
electric NS-NS fluxes the covariant derivative of h given in (I5.13P translates into the 
covariant derivative DS = dS — ickV^. It remains to cast the potential V given in (15. lip , 
evaluated at = 0, into the standard = 1 supergravity form (I3.4ip . From eq. (15.130 
we see that the axion is charged and as a consequence we expect a non-vanishing D-term 
in the potential. Recall the general formula for the D-term [116] 

KjjXl = zdjDk , (5.14) 

where is the Killing vector of the U{1) gauge transformations deflned as 6M^ = 
A'^X^djM^. Inserting fl336D and fl33D we obtain 

D, = -e^^ = 3ej!e'^IC-' . (5.15) 

Using also (13.59P we arrive at the D-term contribution to the potential 

i(Re f)-' ''D,Di = -^e'^ ef (Im M)-' ef , (5.16) 

which indeed reproduces the last term in (15.111) for = 0. 
The flrst term in (15.111) arises from the superpotential 

W = 1 nAF3 , (5.17) 
Jy 

which follows from a calculation analog to the 03/07 case [39]. It is interesting that for 
this class of orientifolds the RR-flux results in a contribution to the superpotential 
while the NS-flux H3 contributes instead to a D-teim. 

5.2.2 Non- vanishing magnetic fluxes m'^ ^ 

Let us now turn to the case where both electric and magnetic fluxes are non-zero and the 
two-form O2 is massive. In this case C2 is dual to a massive vector or equivalently the 
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massive linear multiplet is dual to massive vector multiplet. Here we do not discuss this 
duality but instead show how the couplings of a massive linear multiplet is consistent 
with the action fISlOll [78]. 

In section 14.1.11 we already examined the kinetic terms and couplings for the 05 / 09 
theory in the presence of one tensor multiplet L = (0,C*2). We found that they are 
determined in terms of the generalized Kahler potential and the function F both given 
in fl4.25l) . Let us now briefly discuss the situation of a massive linear multiplet coupled to 
N = 1 vector- and chiral multiplets. For simplicity we discuss the situation in flat space 
and do not couple the massive linear multiplet to supergravity. However, we expect our 
results to generalize to the supergravity case. More details can be found in |117l [78] . 

As we already said, a linear multiplet L contains a real scalar (also denote by L) and 
the field strength of a two-form C*2 as bosonic components. However, it does not contain 
the two-form itself which instead is a member of the chiral 'prepotential' $ defined a^ 

L = + L)$ = 0. (5.18) 

This definition solves the constraint (14. 6 p (in fiat space). The kinetic term for L (or 
rather for $) is given in (14.71) and a mass-term can be added via the chiral integral 

Crr, = \j (fe /M(A^)(Vr^-2im^$)(W^'-2W^$)+2ef (iy*^-im^$)$ +h.c. , (5.19) 

where = —jD^DV'^ are the chiral field strengths supermultiplets of the vector mul- 
tiplets V'^ and fki{N) are the gauge kinetic function which can depend holomorphically 
on the chiral multiplets N. (m^, e^) are constant parameters which will turn out to 
correspond to the fiux parameters defined in (15. 7p . The Lagrangian (I5.19P is invariant 
under the standard one-form gauge invariance V'' V'^ + Aq + Aq (Aq are chiral super- 
fields) which leaves both and $ invariant. In addition (I5.19P has a two- form gauge 
invariance corresponding to (15.120 given by 

$ ^ $ + ID^DAi , V'' ^V'' + m^Ai , (5.20) 

where Ai now is a real superfield. From (15.201) we see that one entire vector multiplet 
can be gauged away and thus plays the role of the Goldstone degrees of freedom which 
are 'eaten' by the massive linear multiplet. 

In components one finds the bosonic action 

= -^Refki A *F' - ilm/n F^ ^ F' + \ek{dV^ + F'^) A O2 - ^ * 1 , (5.21) 

where F^ is defined exactly as in (15. 9p and the potential V receives two distinct contri- 
butions 

V = \ (Re/)-^''Dfe A + 2 m^Re/fcz L^ Dk= (ef + 2 Imf^i m^) L . (5.22) 



^We suppress the spinorial indices and use the convention £>$ = D"^a, = D°'^a- 
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The first term arises from eliminating the D-terms in the U{1) field strength W'' while 
the second term is a 'direct' mass term for the scalar Lj§ Inserting the D-term yields a 
second contribution to the mass term and one obtains altogether 

V = i[(ef + 21m/fcpm^')(Re/)-^'='(ef + 21m/i,m^) +4m^Re/fc,myL2 . (5.23) 

Using fl4.26p and (13.591) this precisely agrees with the second term in the potential (15. lip . 

As before the first term in (15. lip can be derived from the superpotential (I5.17P . This 
ends our discussion of type IIB orientifolds in a general NS-NS and R-R flux background. 
As we have seen, switching on fluxes yields a potential for only part of the moduli fields. 
This changes in llA orientifolds to which we will turn now. 

5.3 06 orientifolds: Flux superpotentials 

In this section we derive the effective action of type llA orientifolds in the presence of 
background fluxes. For standard N = 2 Calabi-Yau compactiflcations of type llA a 
similar analysis is carried out in refs. [26l HQ] . In order to do so we need to start from the 
ten-dimensional action of massive type llA supergravity which differs from the action 
(I2.18P in that the two-form B2 is massive. In the Einstein frame it is given by p. 2 5] 

j -\R * 1 - A - \e-^Hz A *i^3 - iei'^Fs A 

-ie5<^F4 A *F4 - \ei^ (m°)' * 1 + Aop , (5.24) 
where 

^2 A dC^ A dC^ - (^2)^ A dC^ A dCi + \{I32f A {dCif 

(5.25) 

and the fleld strengths are deflned as 

^3 = dB2 , F2 = dCi + m°52 , F4 = dC^ -C^AHs- ^{B^f . (5.26) 

Compared to the analysis of the previous section we now include non-trivial background 
fluxes of the fleld strengths F2, and F4 on the Calabi-Yau orientifold. We keep the 
Bianchi identity and the equation of motion intact and therefore expand F2, and -F4 
in terms of harmonic forms compatible with the orientifold projection. From (I3.62p we 

®Note that this second term is a contribution to the potential which is neither a D- nor an i^-term 
but instead a 'direct' mass term whose presence is enforced by the massive two-form. 
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infer tliat F2 is expanded in harmonic forms of if^(y), in harmonic forms of HtiY) 
and F4 in harmonic forms of Explicitly the expansions read 

^3 = , F2 = -m-LUa , F, = CaU^ (5.27) 

where {q^,Pk) are /i^^'^^ + 1 real NS flux parameters while (ca, m^) are 2h]l^ real RR flux 
parameters. The harmonic forms {a\,l3^) are the elements of the real symplectic basis 
of H"^ introduced in (I3.97p . The basis 0'^ of H^''^^ is defined to be the dual basis of oOa 
while the basis cD" denotes a basis of H^'^'' dual to cJq,. 

Inserting fIXBB]) . flX72D and (K77^ into flHT^ we arrive at 

= db'' AuJa + qW-Pk/3'' , F2 = (mV + m") u;, , (5.28) 

F4 = dCs + dA"" AuJa + d^'' A at- dix A (3^ + [b^w!' - \m%''b^) ICabc^^ + eaCo\ 

where we have used Ua Aub = /Cafec Now we repeat the KK-reduction of the previous 
section using the modified field strength (15.281) and the action (15.241) instead of (I2.18p . 
This results iij^ 

^(4) = s^ol - j f A *rfc3 + hdc^ + U*l , (5.29) 

where Sq\ is given in (I3.75p . C3 is the four- dimensional part of the ten-dimensional 
three-form defined in (I3.72p and its couplings to the scalar fields are given by 

g = e-^^{'^f , h = eab^ + ^xq'-ePk+'2^eAfoam\ (5.30) 
where we denoted m° = (m°,m"). The potential term U of (15.291) is given by 

U = ^e^^ j H^A - ^e^HmAT-f, m^m' + §e^<^G'^^(e, - ReAT^a m^) (e, - ReAT^g m') . 

(5.31) 

The matrix A/'-g(t, t) is defined to be the corresponding part of the N = 2 gauge-coupling 
matrix flRT9|) restricted to M^^ by applying fl3T6|) and 1^^. 

In four space-time dimensions C3 is dual to a constant which plays the role of an 
additional electric fiux cq in complete analogy with the situation in iV = 2 discussed in 
|26] . Eliminating C3 in favor of Cq by following or [SB] the potential takes the form 

m 

V=^e^'t' [ H3A*Hs-§e'''^{Ba-Afacm%lmAfr'^\^-Af-,,m') , (5.32) 



^As we observed in the previous section there is no Ci due to the absence of one-forms on the 
orientifold. Nevertheless its field strength F2 can be non-trivial on the orientifold since Y generically 
possesses non- vanishing harmonic two-forms. 

®The action SqI is given in (|3.75p . However, due to the fact that we perform the Kaluza-Klein 
reduction in the generic basis introduced in (|3.97p the kinetic terms for are replaced by (|4.36p . 
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where we introduced tlie sliortliand notation ea = {eo+^\q^—C,^pf,, Ca) and m"- = (m°, m°). 
Note that in the presence of NS flux one can absorb cq by shifting the flelds ^, ^. This 
corresponds to adding an integral form to C3 as carefully discussed in [85]. However, 
for the discussion of mirror symmetry it is more convenient to keep the parameter cq 
explicitly in the action. 

In order to establish the consistency with = 1 supergravity one needs to rewrite 
V given in fl5.32l) in terms of fl3.4ip or in other words we need express V in terms of a 
superpotential W and appropriate D-terms. From fl5.29p we infer that turning on fluxes 
does not charge any of the flelds and therefore all D-terms have to vanish. In [H] it was 
checked that the potential (I5.32p can be entirely expressed in terms of the superpotential 

W = W^{N,T) + W^{t) , (5.33) 

where 

l^Q(iV^^A) = J^n.AH^ = -2N'pk-tTxq\ (5.34) 

W^if") = eo + / Jc A F4 - i / Jc A Jc A F2 - im" / J, A J, A J, , 
Jy Jy Jy 

= eo + eat^ + - lm'> JCabXtH'' , 

and Qc and Jc are deflned in fl3.102p . Using the deflnitions (13.500 and (I3.104p of the 
skew-symmetric products ■) for even and odd forms W is rewritten as 

W={e'%F) + {n,,H-,) , F = m°-F2-F4 + F6 , (5.35) 

where we have deflned Fq via Cq = /y -^e- We see that the superpotential is the sum 
of two terms. depends on the NS fluxes {pkjQ^) of and the chiral flelds N^,Tx 
parameterizing the space J\4^. depends on the RR fluxes (ea,m^) of F2 and F4 

(together with and eo) and the complexifled Kahler deformations parameterizing 
Ai^^. We see that contrary to the type IIB case both types of moduli, Kahler and 
complex structure deformations appear in the superpotential suggesting the possibility 
that all moduli can be flxed in this set-up. This was resently shown to be the case in 
refs. [SnilTH]. 

Let us end this section by comparing the R-R superpotentials of type llA and type IIB 
orientifolds. Recall that for both IIB orientifold setups R-R fluxes induce superpotentials 
(15. 6p and (I5.17p holomorphic in the complex structure deformations z. Hence, we compare 

WA{t) = F) , Wb{z) = {Q, F3) , (5.36) 

where the skew-products are deflned in (I3.50p and (13.1040 . As just discussed F depends 
on 2h^}'^^ + 2 RR fluxes (ea,m°). To count the flux parameters labeling F3 recall that it 
transforms differently in the two IIB orientifolds. F3 sits in (Y) and is determined in 
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terms of 2/i^'^'* + 2 real flux parameters for the 03/07 case and sits in H^(Y) depending 

on 2h\_' + 2 real flux parameters for the 05/09 case. Therefore, the number of flux 
parameters matches when choosing mirror involutions satisfying (13.1051) . Exchanging 

m 

e^^(t) ^ n{z) , F ^ F3 , (5.37) 

as in equation (I3.108P the two superpotentials VF^(^) and Wb{z) get identified. In = 2 
the mirror identification of the complex structure moduli space A4^^ with the complexified 
Kahler moduli space can be used to calculate world-sheet instanton corrections to 
Ai^^. It would be interesting to generalize this to = 1 orientifold theories which 
allow additionally for non-oriented world-sheets as discussed at the end of section 13.41 
In addition to world-sheet instantons also certain D-instantons induce correction terms 
to the superpotential. We will end this chapter by a few comments on their generic 
structure. 

5.4 D-instanton corrections to the superpotentials 

Let us close this chapter by briefly discussing possible D-instanton corrections to the 
superpotentials (15. 6p . (I5.17P and (I5.33p . They can arise from wrapping D{p — l)-branes 
around p-cycles Ep [104J. In addition to corrections of the Kahler potential D-instantons 
induce extra superpotential terms |42j. These depend on brane moduli as well as bulk 
fields and found recent phenomenological application in moduli stabilization Hl f H7]. 
It would be interesting to fully incorporate these effects and to understand the additional 
contributions due to non-orientable world-volumes. First steps into this direction are 
done in the recent works W7\ . In this section we will take only a very moderate step 
and apply the calibration conditions to show that the D-brane action becomes linear in 
the bulk fields. This ensures holomorphicity of the induces superpotential terms when 
expressed in the proper Kahler variables of the respective orientifold setup. 

To make this more precise, recall that any correlation function is weighted by the 
string-frame world- volume action of the wrapped Euclidean D{p — l)-branes and thus 
includes a factor e~^°'-p-'^'> where 

SDip-i)=tl^p [ (d^X e-^J det {if* (g + 4) + iF) -tip* ( V O, Ae"^^) Ae^^) . (5.38) 

where i = I-rci . This is the Euclidean analog of the Dirac-Born-Infeld action (13. ip plus 
the Chern-Simons action (13. 2p . Wp is the world- volume of the D{p — l)-brane and ip* is 
the pull-back of the map p which embeds Wp into Calabi-Yau orientifold Y, ip : Wp "—>■ Y. 
We have chosen the R-R charge /ip equal to the tension since the wrapped Z}(p — l)-branes 
must be BPS in order to preserve N = 1 supersymmetry. In fact, as we already discussed 
in section (13. ip there are additional condition arising from the requirement that the Dp- 
branes preserves the same supersymmetry that is left intact by the orientifold projections. 
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This in turn implies that O'ijOl orientifolds can admit corrections from D?) instantons, 
05/09 setups from D\ and i55 instantons and 06 setups from Dl instantons. Moreover, 
these have to be cahbrated with respect to the same forms as the internal parts of the 
orientifold planes. 

The calibration conditions for Euclidean D{p — l)-branes in a Calabi-Yau manifold 
have been derived in refs. |lU4tllU5] . Let us first apply their results to type IIA orientifolds 
with 06 planes. Recall that the unbroken supercharge has to be some linear combination 
e = a"'"e+ + a~e_ of the two covariantly constant spinors 6+ and e_ of the original N = 2 
supersymmetry. Let us denote the relative phase of a"*" and a~ by /a^ = — ie^^-^^ while 
the absolute magnitude can be fixed by the normalization of Q. As forms J and Q have 
to obey the condition 

J A J A J = fe-2^fi Afi (5.39) 

at every point in the moduli space. Note however, that J depends on Kahler structure 
deformations v"" while f2 is a function of the complex structure deformations . Hence, 
is a non-trivial function of u° and and from J = ^e~^^ f fl Afl one infers 

= v^e^(^"-^^^) , (5.40) 

where Kahler potential K^(t) is given in ( 13.87P while K^^[q) is the restriction of the 
Kahler potential (12.1 ip to the real slice The existence of e imposes constraints on 

the map tp. These BPS conditions read |104l 1105] 

ip*{VL) = e^+*^°2^det [^*{g + fia) + lF2)d^X , ^* + i2-Ka' F2 = 0, (5.41) 

where Jc is given in (13.671) . The second condition in (15.411) enforces ^p*{J) = as well as 
(y9*i?2 + ^-^2 = 0, such that the first equation simplifies to 

ip*Re{e-'^°^n) = e^^det {'p*g)d?\ , ^*lui{e-'^^^^) = , (5.42) 

where we have used that the volume element on W3 is real. For vanishing F these 
conditions coincide with those displayed in equation (13.51) . Even in the general case (15.411) 
and (15.421) imply that the Euclidean D2 branes have to wrap special Lagrangian cycles 
in Y, which are calibrated with respect to Re(e~^~*^°2f2). On the other hand, recall that 
the orientifold planes are located at the fixed points of the anti-holomorphic involution 
cr in y which are special Lagrangian cycles calibrated with respect to Re(e~'^~*^f2) as 
was argued in eqs. (13.181) and (I3.19p l^ Thus, in order for the D- instantons to preserve 
the same linear combination of the supercharges as the orientifold, we have to demand 
0D2 = 0- Using this constraint and inserting the calibration conditions (I5.42p back into 
(I5.38P one finds 

SD2 = tf^3 [ {^*[2Re{CQ)]-iv*{C,)) = [ , (5.43) 

^e~^ is the normalization factor which was left undetermined in (|3.19p . 
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where C = ^e'^^-^^e-^ was defined in eqs. flXSU]) . and is given in flXTU2]) . The 

coefficients of Qc expanded in a basis of H'l{Y) are exactly the = 1 Kahler coordinates 
(A^^^A) introduced in iKTUO\) . As a consequence the instanton action (15.431) is hnear 
and thus holomorphic in these coordinates which shows that D2-instantons can correct 
the superpotentiaL Exphcitly such corrections can be obtained by evaluating appropriate 
fermionic 2-point functions which are weighted by e"'^^^ jl3j. Applying (I5.43P and keeping 
only the lowest term in the ffuctuations of the instanton one obtains corrections of the 
form 

WD3(xe~^^s^\ (5.44) 
where S3 is the three-cycle wrapped by the D2 instanton. 

This result can be lifted to M-theory by embedding Calabi-Yau orientifolds into com- 
pactifications on special G2 manifolds. In this case the D2 instantons correspond to 
membranes wrapping three-cycles in the G2 space which do not extend in the dilaton di- 
rection [l3l [81] . The embedding of IIA orientifolds into G2 manifolds and the comparison 
of the respective effective actions is the subject of section 16.21 

Let us next extend this observation to IIB orientifolds. For simplicity we set F = 
for these cases, since brane ffuxes would correct the Kahler coordinates as discussed e.g. 
in |10U] . Hence, the calibration conditions for the respective D(p — l)-instantons read 

m 

i^e-^^^'^) ^ = e''^^'^^-'-^ \l det^*{g + B2) (FX , p = 2,4,6, (5.45) 

where (e"^^'^*'^)^ denotes the p-form in the sum over even forms. In order that these 
instantons preserve the same supersymmetry as the orientifold planes we furthermore 
have to set 9£){p-i) = where ^o{p+3) is given in (13.121) . Multiplying (I5.45P by e'"^ 

and comparing real and imaginary parts we find 

cp*S^ = e-'^^det i^*{g + B2) d^X , (5.46) 

where £^4 is the four-form in £ defined in (13.431) and we have only displayed the equation 
for D3 instantons. Furthermore, by comparing (15.381) and (I3.43P one finds that ip*A 
exactly reproduces the Chern-Simons action, since the vectors in the expansions of the 
R-R forms Cp vanish when the pulled back to Wp C Y . Hence, together with (I5.46P we 
conclude that the instanton actions take the form 

5'd3 = ^/^4 / ^*£a — i^*A = —i^^Ta I (p*uj°' , (5-47) 

where the definition of is given in (13.421) . This shows that also in type IIB orientifolds 
the A^ = 1 Kahler coordinates defined in (I3.42p and (I3.53P linearize the instanton actions. 
By a similar reasoning as in the IIA case this ensures holomorphicity of instanton induced 
superpotentials in these coordinates. 
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In this chapter we discuss the embedding of type IIA and type IIB orientifolds into 
compactifications of M- and F-theory. Let us first review the basic idea, by briefly 
introducing F- and M-theory in the hmit needed for our considerations. 

F-theory provides a geometrical interpretation of the non-perturbative 5/(2, Z) sym- 
metry (13.521) of type IIB string theory. Under this symmetry the complex dilaton r trans- 
forms in a non-trivial manner and can be interpreted as the complex structure modulus 
of a two-dimensional torus. In [69] this idea was put forward in arguing for a natural 
interpretation in terms of a twelve-dimensional F-theory. Compactifying this theory on a 
two-torus gives back type IIB in ten dimensions. However, in going to lower dimensions, 
this torus can be fibered over the internal manifold. Compactification of F-theory on 
such elliptically fibered manifolds F„+2 Bn is defined to be type IIB string theory 
compactified on the base -B„, with a complex dilaton field r varying over the internal 
manifold. One interesting case is when is a elliptically fibered Calabi-Yau fourfold 
with base i?3. It was shown in [70] that in a special limit which corresponds to a weak 
coupling limit of type IIB string theory the two-fold cover of is a Calabi-Yau manifold. 
Furthermore, the compactification on i?3 corresponds to an orientifold compactification 
with 07 planes and D7 branes, which are located at points where the torus fibers become 
singular. This limit is called the orientifold limit 

F-theory / F4 > Type IIB / OY^ . (6.1) 

limit 

Section 16.11 is devoted to check this correspondence for the effective bulk actions of the 
two theories. However, since there is no known effective action for F-theory we will take 
a detour over M-theory compactified on 1^4. We compare the resulting three-dimensional 
effective action with the D = ?> action obtained by compactifying the 0?)/07 orientifold 
action on a circle. Later on we lift the correspondence to D = A and compare it with 

In section ESI we discuss the embedding of Type IIA orientifolds into M-theory. Recall 
that type IIA supergravity can be obtained by compactifying 11- dimensional supergravity 



98 



Embedding into M- and F-theory 



(the low energy limit of M-theory) on a circle. Correspondingly the D = 4, = 2 theories 
arising in Calabi-Yau compactifications are lifted as 

Type IIA / = M-theory / 5^ x . (6.2) 

Hence, the immediate question is to find some analog for the orientifold compactifications. 
In order to do that, one has to identify appropriate manifolds which upon compactifica- 
tion of M-theory (understood as 11-dimensional supergravity) yield a four- dimensional 
= 1 theory. Recalling that the number of supersymmetries is related to the number 
of covariantly constant spinors, the only possible candidates are seven-manifolds with 
structure group or holonomy G2. This implies that the reduction of the S0{7) spinor 
representation yields one singlet, which in the case of G2 holonomy is furthermore co- 
variantly constant with respect to the Levi-Cevita connection. It was argued in [ST] that 
for a special class of G2 manifolds X the resulting four-dimensional theory coincides with 
the one of IIA Calabi-Yau orientifolds. Schematically one has 

Type IIA / OY^ = M-theory / X . (6.3) 

In section 16.21 we verify this conjecture for a certain limit of the two theories. This 
enables us to match the A^ = 1 characteristic functions determined in section 13.4.31 for 
IIA orientifolds with the one obtained for G2 compactifications on X. As we will show, 
this includes the Kahler potential, the gauge-couplings as well as the fiux superpotentials. 
In ref. ^1] only part of the orientifold superpotentials were found to have an origin 
in an M-theory compactification on a manifold with G2 holonomy. As we will show, 
the remaining terms are due to a non-trivial fibration of a manifold with G2 structure 
introduced in [1211 [132] • 

6.1 F-theory and OZjOl orientifolds 

In this section we discuss the embedding of 03 / 07 orientifolds into a F-theory compact- 
ification, which corresponds to the limit fl6.ip . To analyze the two theories on the level of 
the effective bulk actions we start by compactifying M-theory on a Calabi-Yau four-fold. 
When shrinking the volume of the elliptic fiber the M-theory compactification on Kt is 
equivalent to an F-theory compactification on 14. We only perform this limit at the very 
end and rather compare the two theories in three dimensions. In order to do that we 
first briefiy review compactifications of eleven-dimensional supergravity on Calabi-Yau 
fourfolds following P^llSl]- We determine the effective action and characteristic functions 
encoding the supergravity theory. Next we compactify the four-dimensional effective ac- 
tion of 03/07 orientifolds to three dimensions on a circle. We are then in the position 
to show, that the characteristic data of the two three-dimensional theories coincide if we 
choose a Calabi-Yau fourfold of the form 



(6.4) 



6.1 F-theory and 03/07 orientifolds 
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where F is a Calabi-Yau threefold and a = (a, —1,-1). The involution a acts as a 
holomorphic isometric involution on Y and inverts both coordinates on T^. Note that 
Ki generically admits singularities if a has a non-trivial fix-point set. These have to be 
smoothed out which yields additional moduli in the theory. The analog on the orientifold 
are moduli corresponding to D-branes and orientifold planes. However, since we only 
restricted to the bulk fields we will also freeze moduli arising in the process of smoothing 
out Y4 defined in (16. 4p . Having matched the three-dimensional theories we comment on 
the lift to = 4. Finally, we also include a brief discussion on the lift of orientifold 
three-form flux G3 to four-form flux G4. 

M-theory compactified on a Calabi-Yau fourfold 

Let us start by summarizing compactiflcation of M-theory on a Calabi-Yau fourfold by 
following the analysis of [221 El]- The low energy effective action of lid supergravity is 
given by ^Tlj 

^("^ = J -\R * 1 - A *F4 - ^Os AF^AF^, (6.5) 

where F4 = dC^ is the fleld strength of O3. The three-form O3 together with the eleven- 
dimensional metric are the only bosonic flelds in the low energy description of M-theory. 
Recall that the action (16.51) is given to lowest order in kh. One-loop corrections asso- 
ciated to the sigma model anomaly of a M5-brane contribute additional terms to (16.51) 
and induce a O3 tadpole term — ^^^^ [1331 1134] . This contribution can be canceled by 
considering setups with a certain number of background M3-branes or switched on back- 
ground fluxes. However, for the moment we keep our analysis simple in sticking to the 
action (16. 5p without extra source terms. 

The flelds of the three-dimensional theory arise from the expansion of the eleven- 
dimensional supergravity flelds into harmonic forms. For a Calabi-Yau fourfold Y4, the 
only non- vanishing cohomologies are given by 

H\Y,) = © i/^^^'l) © ij(2,2) ^ ^(1,3) ^ ^(0,4) ^ ^g^g) 

with their Hodge duals H^, and H^. Let us extract the spectrum obtained by expan- 
sion into harmonic basis forms of these cohomologies. This is done in analogy to the case 
of type II compactiflcations discussed in chapter [2l The deformations of the metric of 
the fourfold respecting the Calabi-Yau condition split into two sets: /i^^'^^(y4) real scalar 
Kahler structure deformations M-^[x) and h^^'^^iYi) complex structure moduli Z^[x). 
Similar to (12.51) and (12. 7p for Calabi-Yau threefolds they parameterize the expansions 

Jf = M-^{x)e^, Sg,j=--^QF,''^Z'^ix)<!>^Mmj (6.7) 
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where Jp and VLp are the Kahler form and the holomorphic (4, 0)-form on the Calabi-Yau 
fourfold. The harmonic forms e^,^ = 1, . . . , h^'^'^^iY^ form a basis of H'^^'^^iYi^^ while 
^/C) ^ = 1; • • • 5 h'^^'^^iYi) form a basis of H'^^'^'^lY^). Also C3 is expanded into harmonic 
forms via the Kaluza-Klein Ansatz 

^3 = A^{x) A + N\x) + N\x) , (6.8) 

where A^[x) are vectors and N\x) are complex scalars in three dimensions. The har- 
monic forms "if J, ^j, 1 = 1,... h^"^'^^ define a basis of H^{Y4), which can be chosen to obey 


dzK^j = A^/^j , dzK^j = B^/^j , (6.9) 

where A/^^j"^ and Bj^j"^ are model dependent functions of Z and Z. Differentiating these 
equations with respect to Z^ and Z^ and comparing dzicdzc^^i with dzcdzic^^i we extract 
the consistency conditions 

dz.A^/ = 5^/ B^-/ , dz.B^j' = . (6.10) 

In summary, the bosonic part of the D = 3, N = 2 supergravity spectrum obtained by 
compactification on a Calabi-Yau fourfold is displayed in table 16.11 



gravity multiplet 


1 


(3) 

9pq 


vector multiplets 






chiral multiplets 


/,{3,1) + /,(2,1) 


Z^,N' 



Table 6.1: D = 3, N = 2 spectrum for M-theory on a Calabi-Yau fourfold. 

Also the calculation of the three-dimensional low energy effective action is similar to 
the analysis performed in chapter [2j The field strength F4 = dC^ is evaluated by using 
( KE\i and del]) as 

F4 = dA-^ Ae,( + DN^^i + DN^^i , (6.11) 

with 

DN^ = dN^ + {N-^A^/ + N^B^/)dZ^ , DN^ = DN^ (6.12) 

^This needs some words of justification. First, recall that for a complex manifold I4 the filtration 
F'-^{M) = F^{M) = ® etc. can be shown to consist of holomorphic bundles F'{M) 

over the space of complex structure deformations. Since H'^^'^'> is empty for Calabi-Yau fourfolds, i?^^'^^ 
is a holomorphic bundle and one can locally choose a basis ipi{Z), d^icipj = 0. Hence, the holomorphic 
derivative is expanded as dzici/jj = {<Jic)j4'j + {^K:)i'4'jj where {aic)j, (A^;)/ are functions of Z, Z. One 
can now show, that there exists a basis = M/-0 (for some real M/) which obeys (|6.9p . In order that 
this is the case one has to demand: dzic InMj = A^/, B^/ = {M-'^)j^Ml{\^)f and A,^/ = -{cJK.)i- 
A possible definition of Mj can be found in [22] . 
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Inserting (16 .yp . fl6.1ip and (I6.8p and performing the standard Weyl rescaling the effective 
action takes the form [22] 



\gij DN^ A *DN-^ - Gab dA^ A rfA^ 



+ idj^ij dA^ A {N^DN-^ - N^DN-^) , (6.13) 

where Gjcc Qij and O^s are the metrics on iJ^, and if^ respectively and will be 
discussed in turn. Let us first comment on the complex structure and Kahler structure 
deformations. The higher-dimensional analog of (12. lip is the metric Gicc on the space of 
complex structure deformations of I4. It is Kahler and takes the form 

G^c = dz^dzcK'^ , K'^ = -\n[ [ QpA Qp] . (6.14) 

Jy4, 

In analogy to (I2.15P and (12.170 we define on the space of (1, l)-forms intersection numbers 
dABCV and a metric G^b via 

dABCv = e^Aeis Aec Aev , Gab = t^t, A *eB , (6.15) 

where V = ^ / Jp A Jp A Jp A Jp is the volume of the Calabi-Yau four-fold. 

In contrast to a Calabi-Yau threefold the four-dimensional manifold Y4 admits a third 
non-trivial cohomology H^lY^) with metric Gjj. It has non- vanishing intersections dAij 
with such that 

CaA^iA^j , Gij = —j^^>jA = , (6.16) 

where we have used *^ i = —iJp A ^/ in order to evaluate the last equality. However, 
in general Qij as well as ci^/j depend on the complex structure deformations Z'^ , since 
their definition involves the forms ^ i{Z^ Z). Hence, by using (16. 9p we obtain differential 
equations for dAij and Qjj, which read 

dz>cdAij = A^j^ dAKj , dzicGjj = A^^^ Q^j . (6.17) 

Having determined the effective action (16.130 we can now proceed in two ways. Either 
we dualize the vectors A'^ into scalars P4 and combine them into chiral multiplets T4 = 
(M-^, Pa). The Kahler potential of this D = 3,N = 2 theory was determined in ^22j. It 
takes the form 

Kp{Z, N,T) = -\n \ [ npAnp]-3 In V(T, A^) , (6.18) 
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where V(T, A^) is the volume of 14, which depends implicitly on the Kahler coordinates. 
This is indeed analog to the situation in type IIB orientifolds with 03/07 planes. How- 
ever, in section 14.1.11 we explored a way around this implicit definition by changing to 
the dual picture. In D = 4 this amounts to by keeping linear multiplets (L", D2) in the 
spectrum, which allows to give K as an explicit function of L'^. As we will review mo- 
mentarily, this is equivalently true for the D = 3 theory fl6.13l) and amounts to keeping 
the vector multiplets (M-^, A-^) in the spectrum [M] . 

General D = 3, N = 2 supergravity theories with vector and chiral multiplets are 
discussed e.g. in [34J. To avoid a detailed review of their results we make contact with 
section 14.11 by observing that the effective action (14.101) for chiral and linear multiplets 
in D = A can be translated to D = 3 chiral-vector setups by replacing dD2' with dA-^j^ 
Using these identifications, one compares (14.101) with (16.131) to find 

= ^ , Klalb = -i V' Gab • (6.19) 



The kinetic potential for the vector multiplet (L-^, A-^) is found to be 

K{L, N,Z) = -ln \ [ QpA Qp] + In [d^BCvL^L'^ L^) + L-^Ca (6.20) 

with 

Ca = \dAijN'N' + UAijN'N' + UaijN'N' • (6.21) 
The functions u}aij{Z, Z) obey 

Ozkujaij = Bj^j^dAjK , (6.22) 

but are otherwise unconstraint. It is now straight forward to check, that the effective 
action determined in terms of K{L, N, Z) is indeed equivalent to (I6.13P up to a total 
derivative [34jjfl This ends our review of the M-theory compactification. In order to com- 
pare (16.261) with the 03/07 orientifold data, we first have to compactify the orientifold 
theory to three dimensions. 



The 03/07 orientifolds in three-dimensions 

Let us now compactify the four-dimensional 03/07 orientifold theory determined by 
(I3.37P on a circle S^. In order to do that we partly follow |22], where general compact- 
ifications of D = 4, = 1 theories are discussed. Due to the fact that D = A chiral 
multiplets reduce io D = 3 multiplets we turn our attention to the vectors with 

^Furthermore, one has to replace in the potential (|4.11[) the factor 3 by a 4 [22] , 

^More precisely one finds jdj^j [N^DN-^ - N^DN'') = Im{KLAQn^dQ"')+ total derivative, where 
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kinetic terms fl3.32l) . In three dimensions vectors are dual to scalars and for four super- 
charges the dynamics can be encoded by a Kahler or kinetic potential. The Kaluza-Klein 
reduction is performed by choosing the Ansatz 



r^Al 



{Al^Aln^ 



(6.23) 



where A^, p = 1,2,3 are vectors and n" as well as r (the radius of S^) are scalars 
in three dimensions. The resulting D = ?> theory posses chiral multiplets (z'^, r, O", T^) 
and vector multiplets (A", r) and {A'^^n'^). Next we dualize the vectors A'^ into scalars 
hi^ by the standard Lagrange multiplier method (see section [2l3l) . However, we keep the 



The scalars and n'* combine into complex 



vector multiplet (A°, r) and denote L = r 
scalars via [92, [22] 

D^ = -f^^{z)n^ + ih^, (6.24) 

where fki{,z) are the gauge-couplings of the O'ijOl theory given in ( I3.6ip . One next 



inserts the Ansatz fl6.23p into the D = 4 orientifolds action fl3.37p and performs a Weyl 
rescaling to obtain a D = 3 effective action with standard Einstein-Hilbert term. Using 
the definition of this action is encoded by a kinetic potential 



In 



Y 



K\T,G,T) + lniL) + LC 



R 



(6.25) 



where K^{t, G, T) and are given in (13.471) and (16.271) . Replacing the chiral multiplets 
Ta by vector multiplets (A°, L") we apply (I4.23P to rewrite the kinetic potential as 



where 

R _ 



'-JY 



In ( - z(r - f )) + ln(/C,^^L°L^L^) + ln(L) + L°Cf + ^C"^ , (6-26) 



2 r-f 



- IC^UG-Gf{G-Gy , C"" = -UDk+Dk){RefH)-\Dk+Dk) . (6.27) 



The function Ca = Ca + Ca was already given in (14.211) . fully encodes the dynamics 
of the chiral multiplets ^r^G"" , D^. and the vector multiplets {A°',L'^) and {A,L) in 
three-dimensions. This enables us to compare the orientifold theory with the M-theory 
compactification discussed at the beginning of this section. 



F-theory embedding of 03/07 orientifolds 

In order to discuss the F-theory embedding of the 03 / 07 bulk orientifold theory, we re- 
strict to the simple fourfolds defined in (16. 4p . Working on these manifolds the a invariant 
cohomologies split as 

H\Y^) = HXiY) © {Hl{Y) A H^_{T^)) ® {hI(Y) A Hl{T^)) , (6.28) 
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where H^[Y) are the cohomology groups of Y introduced in f l3.2ip and we denote by 
H\{T'^), H'^{T'^) the cohomologies of T^. We denote a basis of the T^-cohomologies 
by e Hi{T^) and vo1(T2) e Hl{T^)E We next analyze the spectrum and 

couplings of the three-dimensional theory (16.131) on the manifolds (16. 4p . Let us start 
with the complex structure deformations Z^. From (16.281) one concludes, that the only 
(3, l)-forms in H^Y^) arise from the cohomology h'l''^\y) A //[^'"^(T^) and H^^'°\y) A 
H^°'^\t'^). Hence we set 

Z'^ = {t,z''), ]C = 0,...,h^/{Y) . (6.29) 

This is consistent with the fact that in F-theory the complex dilaton r becomes the 
complex structure modulus of the torus fiber of the fourfold Y4 given in (16.41) . Hence, we 
will set a^^'^-* = dq — rdp and lift r to one of the complex structure deformations of Y4. 
Moreover, in the orientifold limit the complex structure deformations of the orientifold 
are the complex structure deformations of the base of Y4. On (16. 4p also the holomorphic 
four- form Hp splits as Vlp = Vl A 0;*^^'"^ such that 



In 



/ Qf/\^f] =ln\-i / QAQ\+ln[-i{T-f)] , (6.30) 
-Jy4 ^ ^ Jy ^ 



where we have used J^a dq Adp = 1. 

The Kahler structure deformations of Y4 assembled into the vector multiplets (M -^/V, A-^) 
{L-^,A-^). These split under the decomposition (I6.28P into one modulus parameterizing 
the torus volume and h^^'^^ Kahler structure deformations of Y/a. In three dimensions 
this has an obvious counterpart in the orientifold theory, since an additional Kahler 
modulus L = arose from the compactification on S^. This leads us to identify 

L-^ = (L,L°), A-^ = (A°,A"), A = 0,...,h'^\Y) . (6.31) 

Note that this implies that one matches the volume modulus of with the inverse 
radius L = r~~^ of the S^. Also the corresponding intersection numbers (16.150 split on 
the manifolds (16. 4p as 

dABCV doap-y , (6.32) 

with all other intersections vanishing. Here we have chosen cq = vol(T^) to be the invari- 
ant volume form of T^. This implies that in the kinetic potential (I6.20p the logarithm 
involving L° splits as 

In {d_ABcvL^L^L^L^) = In L + In [Ka.p^L^L^L'') , (6.33) 

where we have identified doap-r = f'^^aiS-r, being the intersections of H'^{Y). 

Finally, the remaining chiral multiplets and the orientifold fields G"^, Dx have to 
be matched 

iV^ = (G'^ Da) , / = 1, . . . , h^-^^ iY) + hf^^ iY) . (6.34) 



4 Recall, that for one finds /i?'"^ = /li''^' = = /i'"''^ = 1. 
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Once again, this is consistent with the spht fl6.28l) of H^{Y4). The intersection numbers 
dj^jj given in fl6.16p decompose as 

dj^jj — > do^x ; daab , (6.35) 

while all other intersections vanish. Note however, that in general d_^jj depends on the 
complex structure moduli Z'^ and a naive identification daab — ^aah can only be true up 
to a complex structure dependent part. To extract this dependence we can proceed in two 
ways. Either we compare the two kinetic potentials fl6.20p and fl6.26p to determine ci^/j 
as well as oj^aij and check if the equations (16.170 . (16.220 and (I6.10p are obeyed. However, 
we choose a different route and look for simple solutions of the consistency conditions 
(I6.10p . Having determined Aj^^^ and Bj^j^ we are in the position to solve (16.170 . (16.220 
to determine dj^ij and w_4/j. 

To construct a simple solution to (l6.1Up we start with a holomorphic functions fij{Z), 
which can arise e.g. as gauge couplings of a supersymmetric theory. In terms of fjj the 
equations (I6.1O0 are solved by 

A^/ = -{Ref)-'-'^dzKfKi , B^/ = {Refy^'dzKfKi . (6.36) 

Relevant for the orientifold embedding are the two special cases 

/«a(^') = Uiz') , fm{Z') = -IT , (6.37) 

where /^a are the gauge-couplings of the orientifold given in (13.610 and —it are the 
gauge-couplings of a gauge-theory on space-time filling D3 branes (see for example [31]). 
Not to surprisingly, these are exactly the right functions to match the kinetic potentials 
( lOOj) and dOejl . Namely, consistent with (leTTp and (l6:22|) we identify 

doK\ = ^OkX = (Re/)'"^ , daab = ^aab = -^aab , (6.38) 

T — T 

where JCaab are the intersections on Y, which are independent of r and z^. Equations 
( I6.30p . (I6.33P and (16.380 imply that the kinetic potential of the M-theory compactification 
reduces to the one for 03/07 orientifolds on the Calabi-Yau fourfold (16. 4p . 

The final step is to lift this correspondence to four dimensions. On the orientifold side 
this simply amounts to performing the decompactification limit Lq = r^^ ^ 0, where tq 
arises in ro+r(x) as the background radius. Of course, the resulting theory coincides with 
the D = 4 orientifold theory, if identifying the correct four-vectors. More subtle is the 
lift of the M-theory compactification, which is known as the F-theory limit. It amounts 
to shrinking the volume of the two-torus (identified in (16.310 with Lq) on an elliptically 
fibered Calabi-Yau fourfold. However, for the simple manifold (16.40 this limes is rather 
straightforward and coincides with the decompactification limit for the orientifold. 

In addition to the bulk theory one can allow for non-trivial four-form background fiux 
G4 = (dCz) on Y4. The theory will be changed by a non- vanishing potential, which is 
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obtained from the Gukov-Vafa-Witten superpotential J A 6*4. In order to relate it to 
tlie 03/07 orientifold tliree-form flux G3 given in flS.ip one locally writes [HI [191 120] 



= + h . (6.39) 

r — r 

This implies that the Gukov-Vafa-Witten superpotential reduces as 

/ nFAG^= I n A , (6.40) 

Jy4, Jy 

which coincides with the orientifold superpotential found in (15. 6p . 

This ends our discussion of the F-theory embedding of 03/07 orientifolds. Their are 
many directions for further research. It would be desirable to include D7 branes into the 
setup, which correspond to certain singularities on the Calabi-Yau fourfold. The naive 
fourfold given (16.41) is only valid in the regime were moduli for D-branes and orientifold 
branes are frozen. F-theory compactifications provide powerful tools to approach regimes 
where these fields are included [H]. A second issue is to discuss moduli stabilization in 
those setups, resent results [17] suggest that all moduli can be stabilized in F-theory 
compactifications by including fiuxes and non-perturbative corrections. 



6.2 Type II A orientifolds and special G2 manifolds 

In this section we discuss the relationship between the type IIA Calabi-Yau orientifolds 
considered so far and G2 compactifications of M-theory. In refs. [8T] it was argued that 
for a specific class of G2 compactifications X, type IIA orientifolds appear at special loci 
in their moduli space. More precisely, these G2 manifolds have to be such that they 
admit the form 

X = {Y X S^)/a , (6.41) 

where F is a Calabi-Yau threefold and a = (a, — 1) is an involution which inverts the 
coordinates of the circle and acts as an anti-holomorphic isometric involution on Y. 
a and a can have a non-trivial fix-point set and as a consequence X is a singular G2 
manifold. In terms of the type IIA orientifolds the fix-points of a are the locations of the 
06 planes in Y and as we already discussed earlier cancellation of the appearing tadpoles 
require the presence of appropriate D6-branes. In this paper we froze all excitation of 
the DQ-hianes and only discussed the effective action of the orientifold bulk. In terms 
of G2 compactification this corresponds to the limit where X is smoothed out and all 
additional moduli arising in this process are frozen. 

The purpose of this section is to check the embedding of type IIA orientifolds into G2 
compactifications of M-theory at the level of the = 1 effective action. For orientifolds 
the effective action was derived in sections 3 and 4 and so as a first step we need to recall 
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the effective action of M-theory (or rather eleven-dimensional supergravity) on smooth 
G2 manifolds [821 SSI [83l [H [83] . 

The bosonic part of the eleven-dimensional supergravity theory was already given in 
equation fl6.5p . It encodes the dynamic of the bosonic components gu and C3 of the 
supergravity multiplet. As in the reduction on Calabi-Yau manifolds one chooses the 
background metric to admit a block-diagonal form 

ds^ = dsl{x) + dsl^{y) , (6.42) 

where ds\ and ds^^ are the line elements of a Minkowski and a G2 metric, respectively. 
The Kaluza-Klein Ansatz for the three-form C3 reads 

C3 = c*(x)0i + A"(x) Au;„ , 2 = 1,...,6^(A) , a = 1,...,62(X) (6.43) 

where c* are real scalars and A" are one-forms in four space-time dimensions. The 
harmonic forms 0j and uo^ span a basis of H^{X) and H'^{X), respectively. The G2 
holonomy allows for exactly one covariantly constant spinor which can be used to define 
a real, harmonic and covariantly constant three-form $1^1 The deformation space of the 
G2 metric has dimension b^{X) = dimi7^(X, M) and can be parameterized by expanding 
$ into the basis (pi [13 5j 

$ = s*(x)0i. (6.44) 
One combines the real scalars s* and c* into complex coordinates according to 

S' = d + is' , (6.45) 

which form the bosonic components of b^{X) chiral multiplets. In addition the effective 
four- dimensional supergravity features b'^{X) vector multiplets with the A°' as bosonic 
components. Due to the A = 1 supersymmetry, the couplings of these multiplet are 
again expressed in terms of a Kahler potential Kq, , gauge-kinetic coupling functions fc, 
and a (flux induced) superpotential Wq,- Let us discuss these functions in turn. 

The Kahler potential was found to be 



Kg, = -31n(;^i / $ A *$) , (6.46) 

where y J $ A *$ = vol(A) is the volume of the G2 manifold X. The associated Kahler 
metric is given by 

d.BjKc, = ivol(X)-i / 0, A , = fvol(X)-i / 0. A *$ , (6.47) 

Jx Jx 

and obeys the no-scale type condition 

{mG,)KgidjKG,) = 7 . (6.48) 

'^Thc covariantly constant three- form is the analog of the holomorphic three- form fl on Calabi-Yau 
manifolds. 
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The holomorphic gauge coupling functions arise from ttie couplings of C3 in fl6.5p . 
At the tree level they are linear in and read [431 IHl] 

ifG,)a/3 =2kS'[ (P.Au^Aup. (6.49) 

Finally, non-vanishing background flux G4 of F4 = dC^ induces a scalar potential 
which via (13.411) can be expressed in terms of the superpotential |127l 11281 185] 

Wg, = ^ I {\C■, + ^^)^G,. (6.50) 
" Jx 

(The factor 1/2 ensures holomorphicity of in the coordinates S"* and compensates 
the quadratic dependence on C3 [85].) 

In order to compare the low energy effective theory of G2 compactifications with the 
one of the orientifold we first have to restrict to the special G2 manifolds X introduced in 
(I6.4ip . This can be done by analyzing how the cohomologies of X are related to the ones 
of Y . As in equation (13.631) we consider the splits H^{Y) = H^(BH^ of the cohomologies 
into eigenspaces of the involution a. Working on the G2 manifold X given in (16.411) we 
thus find the a-invariant cohomologies 

H\X) = HliY) , H\X) = HliV) ® [H^_{Y) A H^_{S')] , 

H\X) = Ht{Y) A H'_{S') , H\X) = HX{Y) ® [H''_{Y) A Hl{S^)] , 

(6.51) 

where H'^{X) and H\X) as well as //^(x) and H\X) are Hodge duals. H\{S^) is the 
one-dimensional space containing the odd one-form of . The split of H^{X) induces a 
split of the G2-form $ which is most easily seen by introducing locally an orthonormal 
basis (e\ . . . , e^) G A^(X) of one-forms. In terms of this basis one has |135l ISSl 1131] 

$ = Jm Ae^ + ReflM , = ^Jm A Jm + Imfi^ A , (6.52) 

where 

= A + A + A e*' , Qm = (e^ + ie^) A (e^ + ze^) A (e^ + ie^) . (6.53) 

Applied to the manifold (I6.4ip we may interpret e'' = dy''^ as being the odd one-form 
along S^. Since $ is required to be invariant under a and a is anti- holomorphic the 
decomposition (16.521) implies 

^*Jm = -Jm , cr*nM = ^m ■ (6.54) 

In terms of the basis vectors e^, . . . , this is ensured by choosing e'^, e^, to be odd and 
e^, e^, to be even under a. We see that Jm and VLm satisfy the exact same conditions 
as the corresponding forms of the orientifold (c.f. (13.141) . (I3.16P ) and thus have to be 
proportional to J and GVL used in section [3^ In order to determine the exact relation it 
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is necessary to fix their relative normalization. The relation between Jm and the Kahler 
form J in the string frame can be determined from the relation of the respective metrics. 
Reducing eleven-dimensional supergravity to type llA supergravity in the string frame 
requires the line element (16.421) of the eleven-dimensional metric to take the form 

ds" = e-^^/^dsl{x) + e-^^/^g^s)abdy''dy' + e^^'^'idy'^f , (6.55) 

where a, 6 = 1, . . . , 6. The factors of the ten-dimensional dilaton are chosen such that 
the type IIA supergravity action takes the standard form with g(^s) being the Calabi-Yau 
metric in string frame (see e.g. [1]). Consequently we have to identify 

= e-'^^'^J . (6.56) 



Similarly, using (16.531) we find that the normalization of VIm is given by 

Jm a Jm ^Jm = j A • (6.57) 
Integrating over Y and using (I6.56p . (13.871) and (12. lip we obtain 

= e-<^-^e^(^^=-^") n = VsCn , (6.58) 

where C is given in (13.890 . The phase e*^ drops out in (16.570 such that we can choose 
it as in (13.160 in order to fulfill (I6.54p . Inserting Jm and Qm into equation (I6.54p one 
arrives at 

^ = JAdf + V8Re{Cn) , (6.59) 

where we defined dy'^ = e~~3dy'^. The form dy"^ is normalized such that J^^ dy"^ = 2ttR 
where the metric (16.550 was used and R is the ^-independent radius of the internal circle. 
We also set kIq = K\i/2'nR = 1 henceforth. Using (I6.59p . (16.521) and (13.891) we calculate 

^ ^ j $ A *$ = e"^ I J J A J A J , (6.60) 

which equivalently can be obtained by applying the split vol(X) = vol(F) ■vol(S'^) of the 
G2 volume when evaluated in the metric (I6.55p . Inserting (I6.60p into (I6.46P using (13.890 
we obtain 



Kg^ = -In 


i / J A J A J 


- 2 In 













Re{CQ) A H^e{Cn) . (6.61) 
Thus we find exactly the Kahler potential K of the type IIA orientifold as given in 



^In terms of the Hitchin functionals [83] recently discussed in [1291 I130j the reduction of the G2 
Kahler potential (|6.46p corresponds to the split of the seven-dimensional Hitchin functional to the two 
six-dimensional ones 16.611 
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In order to compare the gauge kinetic functions and tlie superpotential we also need 
to identify the Kahler coordinates of the two theories. C3 sphts under the decomposition 
(I6.5ip of the cohomologies a^^ 

C3 = ^2 A dy' + 72(73 , (6.62) 

where B2 is an odd two-form on Y and C3 an even three-form on Y . Combining (16.591) 
and fl6.62p using (13.1021) one finds 

S'(t)i = Cs + i^ = Jc A dy"^ + V2n^ . (6.63) 

As discussed after (13.1021) the coefficients arising in the expansions of Jc and Qc into 
the basis (0^, /?'*') of if^(y) and uja of H'^(Y) are exactly the orientifold coordinates and 
therefore we have to identify 5° = and = {N'', Tx). With this information at hand, 
it is not difficult to show that the gauge- kinetic couplings (16.491) coincide with (I3.85p . 
One splits (pa = A dy'^ and obtains 

(/Gja/3 = iS'' [ UaAiJ^AiJp ~ ifJCaafS = {foY)a(3 , (6.64) 



Y 



where the precise factor depends on the normalization of the gauge fields. 

It remains to compare the flux induced superpotentials (16.501) with (15.331) . Using 
the cohomology splits (16.510 and (I6.62p the background flux splits accordingly as G4 = 
H3 A dy^ + 72^4 . Inserted into (1630D using (16.630 we arrive at 



Y JY 



WG, = j^ JcAF, + j^ I n,AHs (6.65) 



Compared to ( 15.33P the superpotential only includes terms proportional to the fluxes 
and ^4!^ An interesting question is to identify the remaining terms in (I5.33P which are 
likely to arise once manifolds with G2 structure (instead of G2 holonomy) are considered. 
The term due to F2 arises in compactiflcations on flbered G2 manifolds X ^ Y |131U132] . 
In our case we restrict to circle flbrations over the quotient Y/a, where y is a Calabi-Yau 
manifold. We introduce the projection n : X Y. The metric on such a manifold takes 
the form 

= a ® a + TT*g , (6.66) 

where g is the metric on Y and da = n*F2. This implies that X has not anymore G2 
holonomy but rather G2 structure with d^ = F2 A J being not closed. Following |136] 
this induces a superpotential term of the form 

W = [ {dCs + id^) A{Cs + i^) + ...= [ F2 A Jc A + . . . , (6.67) 

Jx JY 



^We have introduced a factor of \/2 for later convenience. 

®The term proportional to cq in (|5.34[) can be absorbed into a redefinition of Rei° [85] . 
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where $ and C3 are given in fl6.59p and fl6.62l) witli dy^ = a and dC^ = B2 A F2 + . . .. 
Tliis reproduces exactly the F2 superpotential term (15.341) in type IIA orientifolds. It 
remains to reveal the origin the superpotential term linear in m^. Unfortunately, this is 
less straightforward and is likely to involve more general G2 manifolds It would 

be nice to make this more explicit and to point out the relation to the Scherk-Schwarz 
constructions of massive IIA supergravity. 



'We like to thank A. Micu for discussions on this point. 



112 Embedding into M- and F-theory 



Chapter 7 
Conclusions 



In this work we determined the low energy effective action for type IIB and type IIA 
Calabi-Yau orientifolds in the presence of background fluxes. In our analysis we did 
not specify a particular Calabi-Yau manifold but merely demanded that it admits an 
isometric involution a. Furthermore, in order to preserve = 1 supersymmetry a was 
chosen to be a holomorphic map in type IIB and an anti-holomorphic map in type IIA. 
Depending on the explicit action of a on the holomorphic three-form f2, we analyzed 
three distinct cases: (1) orientifolds with 03/07-planes, (2) orientifolds with 05/09- 
planes and (3) orientifolds with 06-planes. For each case we calculated the characteristic 
functions of the corresponding A^ = 1 supergravity theories and discussed their generic 
properties. 

In chapter [3] we restricted to the case where background fluxes are absent and no 
potential is generated. We computed the effective action by a Kaluza-Klein analysis 
valid in the large volume limit and determined the chiral variables, the Kahler potentials 
and the gauge kinetic functions for all three setups. We found that the moduli space of 
the A^ = 1 theory inherits a product structure x from the underlying N = 2 

theory obtained by ordinary Calabi-Yau compactification of type II theories. A4^^ is a 
special Kahler manifold parameterized by the complex structure deformations in type 
IIB and by the complexified Kahler deformations in type IIA. For type IIB orientifolds 
the second component A^*^ is parameterized by the periods of the complex even form 
£—iAiov setups with 0?>/07 planes and by the periods oi £ —i Aioi setups with 05/09. 
The form S + iS = ^-'t' Q-B2+tJ comprises of the complexified Kahler deformations while 
,4 is a sum of the even R-R forms defined in (13.431) . On the other hand, for type IIA 
orientifolds with 06 planes A^*^ is spanned by the periods of the complex three- form 
fie = 0*3 + 2iKeCVL containing the complex structure deformations of the Calabi-Yau 
orientifold. A/1^ is a Kahler sub manifold inside the quaternionic manifold with a Kahler 
potential encoding the dynamics of the even/odd forms of the respective orientifold setup. 
Finally we showed that in the large volume - large complex structure limit one finds 
mirror symmetric effective actions if one compares type IIA and type IIB supergravity 
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compactified on mirror manifolds and in addition chooses a set of 'mirror involutions'. 
For Ai^ mirror symmetry amounts to a truncated versions of iV = 2 mirror symmetry in 
that it still relates two holomorphic prepotentials. In this case the corrections computed 
by mirror symmetry are likely to be analogous to the situation in = 2. For Ai^ the 
situation is more involved since the geometry of the moduli space changes drastically. 
Nevertheless we were able to show that mirror symmetry holds in the large volume - large 
complex structure limit. However, understanding the nature of the corrections computed 
by mirror symmetry appear to be more involved and certainly deserves further study. 
It is interesting to note that mirror symmetry can be understood as an exchange of the 
odd form flc with the even forms S + iAoiS + iAin accord with |126] . Two choices 
of special coordinates in single out the corresponding orientifold setup on the mirror 
side. It would be desirable to reveal the origin of this mapping and finally to generalize 
it to non-Calabi-Yau compactifications. 

In chapter H] we presented a more detailed investigation of the = 1 moduli space of 
Calabi-Yau orientifold compactifications. The special Kahler manifold Ai^^ inherits its 
geometrical structure directly from N = 2, such that we focused on the Kahler manifold 
Ai'^ inside the quaternionic space. It turned out that the definition of the Kahler coor- 
dinates as well as the no-scale type conditions on A^*^ can be more easily understood in 
terms of the 'dual' formulation where some chiral multiplets of the Calabi-Yau orientifold 
are replaced by linear multiplets. After a brief review of A^ = 1 supergravity with several 
linear multiplets we reformulated all three orientifold setups by dualizing a certain set of 
chiral multiplets. The transformation into linear multiplets corresponds to a Legendre 
transformation of the Kahler potential and coordinates. The new kinetic potential of 
03 / 07 and 05 / 09 orientifolds takes a particularly simple form induced from a tree- level 
prepotential. In contrast for 06 orientifolds it is given in terms of a generic prepotential 
satisfying the orientifold constrains and generically includes correction corresponding to 
world-sheet instantons in type IIB. For orientifolds with 06 planes the Legendre trans- 
form was essential to make contact with the underlying N = 2 special geometry. As a 
byproduct we determined an entire new class of no-scale Kahler potentials which in the 
chiral formulation can only be given implicitly as the solution of some constraint equa- 
tion. We closed this chapter by giving an explicit construction of the Kahler manifold 
Ai^ replacing the N = 2 c-map. The space At^ was shown to admit a geometric struc- 
ture similar to the one of the moduli space of supersymmetric Lagrangian submanifolds 
|75j . This also provides the ground for a more general investigation of non-Calabi-Yau 
orientifolds. Namely, we found that the Kahler potential of is the logarithm of 
Hitchins functional for a generalized complex sixfold evaluated for the simple even and 
odd forms associated to the orientifold setup. 

In chapter [5] we repeated the Kaluza-Klein compactification by additionally allowing 
for non-trivial background fluxes. In the 03/07 case the background fluxes induce a 
non-trivial scalar potential which is determined in terms of a superpotential previously 
given in [T51 |T7l EOl EZI- We also included the scalar fields (6", c") arising from the two 
type IIB two- forms B2 and O2. We showed that in this case the potential is unmodified 
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which can be traced to the no-scale property of the Kahler potential. For orientifolds 
with 05/09 planes the influence of background fluxes is more involved. This is due to 
the fact that the space-time two-form C2 arising in the expansion of the RR field C2 
remains in the spectrum. It combines with the dilaton into a linear multiplet, which only 
if it is massless can be dualized to a chiral multiplet. However, generic NS three-form 
background fluxes render this form massive. We therefore first restricted our attention 
to the case were the mass term vanishes which occurs if the magnetic fluxes arising from 
the NS three-form are set to zero. In the resulting chiral description the axion dual to 
C*2 is gauged with the gauge charges set by the electric fluxes. The scalar potential now 
consists of two distinct contributions. The term which depends on the RR fluxes arising 
from F3 is obtained from a (truncated) superpotential of the previous case whereas the 
second contribution depends on the electric fluxes of and arises from D-terms which 
are present due to the gauged isometry. Finally, we also analyzed non- vanishing magnetic 
fluxes in the NS sector which can be described by an = 1 theory including a massive 
linear multiplet coupled to vector and chiral multiplets. In this case the scalar potential 
additionally includes a direct mass term for the scalar in the linear multiplet which is 
neither a D- nor an F-term. For type IIA orientifolds all background fluxes induce a 
superpotential W which depends on all geometrical moduli. It splits into the sum of two 
terms with one term depending on the RR fluxes and the complexified Kahler form Jc 
while the second term features the NS fluxes and VL^. Both terms are expected to receive 
non-perturbative corrections from world-sheet- and D-brane instantons. We showed that 
for supersymmetric type IIA and type IIB instantons the respective actions are linear in 
the chiral coordinates and thus can result in holomorphic corrections to W . 

In the last chapter Owe analyzed the embedding of type IIB and type IIA orientifolds 
into F- and M-theory compactifications. Orientifolds with 03/07-planes can be obtained 
as a limit of F-theory compactified on elliptically fibered Calabi-Yau fourfolds [69l [70] . 
To check this correspondence on the level of the effective action we took a sideway by 
first compactifying M-theory on a Calabi-Yau fourfold. This yields a three-dimensional 
N = 2 supergravity theory determined in terms of the characteristic data of the Calabi- 
Yau fourfold. Restricting to a specific fourfold this effective theory can be compared to 
the one obtained by compactifying the effective action of 03/07 orientifolds on a circle 
to = 3. We determined simple solutions to the fourfold consistency conditions for 
which we found perfect matching between the orientifold and M-theory compactifications. 
This correspondence can be lifted to D = 4 where the M-theory on the elliptically 
fibered fourfold descends to an F-theory compactification. In our analysis we neglected 
contributions due to singularities of the Calabi-Yau fourfold. Smoothed out they yield 
additional moduli, which are identified with D7 or 07 moduli in the orientifold limit. 
In a next step one can attempt to include these into the analysis and later deform away 
from the orientifold limes. Non-trivial fibrations appear if the orientifold charges are not 
canceled locally and the F-theory picture becomes essential. Finally we also discussed 
the embedding of type IIA orientifolds into a specific class of G2 compactification of 
M-theory. Neglecting the contributions arising from the singularities of the G2 manifold 
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we were able to show agreement between the low energy effective actions. Comparing 
the superpotentials we only discovered the terms which are due to four-form flux from 
in M-theory. However, relaxing the condition of G2 holonomy we were able to identify 
one of the remaining terms as corresponding to a non-trivial fibration of a G2 structure 
manifold. It remains to identify the counterpart of the orientifold superpotential term 
cubic in the complexified Kahler moduli. This term is propotional to the mass parameter 
of massive IIA supergravity and plays the essential role in moduli stabilization. 

Let us end our conclusions with some directions for further research. Firstly, it would 
be desirable to include D-brane matter fields into the orientifold setups. For type IIB 
setups with D3 and D7 branes this was done, for example, in refs. [311 HOP] - An 
important task is to extend these results to type IIA orientifolds with space-time filling 
D6 branes. The knowledge of the full effective action enables to perform a calculation of 
soft supersymmetry breaking terms of semi-realistic D-brane scenarios. 

As already mentioned, a generalization to non-Calabi-Yau orientifolds is of particular 
interest [118] . Orientifolds allow for consistent D = 4 Minkowski or Anti-de Sitter vacua 
for which the internal manifold possesses non-trivial torsion. As we have argued, the 
orientifold projections specify a Kahler submanifold in the quaternionic N = 2 moduli 
space with geometry encoded by special even and odd forms. The Kahler potential is 
Hitchins functional truncated by the projection. A similar analysis is likely to apply to 
orientifolds of generalized complex manifolds as introduced in |76j . 

Brane worlds in orientifolds are a prominent arena for model building in particle 
physics and cosmology. However, finding a particular vacuum featuring the properties of 
our universe is a highly non-trivial task. One major step into this direction is to extract 
vacua with stabilized moduli fields. Assuming that this can be achieved, for example by 
background fluxes, one encounters a huge set of possible vacua labeled by different flux 
quantum numbers. In the pioneering paper [138] it was argued that a statistical analysis 
of this 'landscape' could lead a deeper understanding of the vacuum structure of string 
theory. These considerations were mostly applied to type IIB orientifolds and certain 
M-theory vacua. It is an interesting task to generalize this to type IIA orientifolds. For 
early time cosmology a wave-function for flux vacua could yield an interesting attempt to 
approach quantum cosmological questions within the framework of string theory ^139j . 
It would be nice to relate these new developments in topological string theories to the 
results of = 1 flux compactifications. Surprisingly various similarities appear, which 
hint to at least a formal relation. 



Chapter 8 
Appendix 



A Conventions 

In this appendix we summarize our conventions. 

• The coordinates of the four-dimensional Minkowski space-time are denoted by 

x'*, /X = 0, . . . , 3. The corresponding metric is chosen to have signature (— , -|-, -|-, -|-). 
The coordinates of the compact Calabi-Yau manifold Y are denoted hy y\y\ i,i — 
1,2,3. 

• p-forms are expanded into a real basis according to 

^ ^ A^^,„^^dx^^ A . . . A dx'^^ . (A.l) 

• (P) 9)-forms are expanded into a complex basis as 

Ap,q = ^Ai...vn...»,c?l/'' A ■ ■ ■ A dy^- A df' A-.-Adf" . (A.2) 

• The exterior derivative is defined as 

dAp = ^d^A^^,„^^dx'' A dx^' A ... A dx"^ . (A.3) 

• The field strength of a p-form Fp+i = dAp is given by 

(A.4) 
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The inner product for real forms is defined by using the Hodge-* operator. In 
components we have 

F,A*F, = ^ I F,,...,^F^-^^ * 1 , (A.5) 
where *1 = d'^x \f-~g is the (i-dimensional measure. 

The Hodge-* satisfies **Fp = (— 1)^^'^"^)+'^^^, where k = 1 for Lorentzian signature 
and K = for Euclidean signature. 

Let (Ti and 02 be an orientiation preserving and an orientation reversing map cti 2 : 
M M, where M is an ra-dimensional manifold. Then one finds for a ra-form lo 
on M that 

/ u = I a\{yj) , I u = - ! a*M . (A.6) 

Jai(AI) J M J(T2{M) Jm 

However, if we choose ujm = *1 to be the canonical volume form of M then LJai(M) = 
al{LUM) and io^^iM) = — o'2(^a/), such that 

/ ^<xi,2(M) = / C^l*,2(t^Af) • (A.7) 



B N=2 supergravity and special geometry 

In this appendix we briefiy summarize the N = 2 special geometry of the Calabi-Yau 
moduli space. A more detailed discussion can be found, for example, in refs. [89l [Ml I14H 
inSl I14U] . A special Kahler manifold is a Hodge-Kahler manifold (with line bundle 
£) of real dimension 2n with associated holomorphic fiat Sp{2n + 2, R) vector bundle Ti. 
over A4. Furthermore there exists a holomorphic section Q{z) of C such that 

K{z,z) = -\ni{n{z),Cl{z)) , {n,d,Kn) = 0, K = l,...n, (B.8) 

where K is the Kahler potential of A4 and {■,■) is the symplectic product on the fibers. 
This is precisely what one encounters in the moduli space of the complex structure 
deformations of a Calabi-Yau manifold with Q being the holomorphic three-form. In this 
case one is lead to set n = h^"^'^^ and identify the fibers of the associated S'p-bundle with 
H^{Y, C). The symplectic product is given by the intersections on H^{Y, C) as 

{a,P) = j aAp. (B.9) 

The Kahler covariant derivatives of fl are denoted by xk as explicitly given in fl2.10p . 
In terms of the symplectic basis (a^^,/?^) introduced in (12.41) both Q and xk enjoy the 
expansion 

n = Z^aji-J^ji(3^ , XK = Xk o^l ' Xl\k (^^ ■ (B-IO) 
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The holomorphic functions Z^{z) and J^f^{z) are called the periods of f2, while ^) 
and ^) periods of Xii'- In terms of , the Kahler potential fIB.Sp can 

be rewritten as in (12.111) . 

For every special Kahler manifold there exists a complex matrix z) defined 

as 

MkL = (Xkim ^k\x\i Z^)-' , (B.ll) 

where cind Xl\k given in (IB.lOp . Furthermore, one extracts from (IB. lip the 
identities 

= M^iZ^ , XLiK = MtMx"^ , (B.12) 
which can be used to rewrite flB.81) as 

Gmn = -2e^xf,ImA^^|.x| , 1 = -2e^Z^ImA<^^Z^ (B.13) 
= -2x|lmA<^^Z^ 

If one assumes that the Jacobian matrix d^L (^Z^ /Z^^ is invertible JF^ is the derivative 

of a holomorphic prepotential JF with respect to the periods Z^ . It is homogeneous of 
degree two and obeys 

JF = ^Z^J^ ^ , ^k = d^K^ , ^kL = d^jiJ^ I , ^1 = Z^T , (B.14) 

which implies that Tj^iiZ) is invariant under rescalings of Z^ . Notice that T is only 
invariant under a restricted class of symplectic transformations and thus depends on the 
choice of symplectic basis. 

The complex matrix M. defined in (IB. lip can be rewritten in terms of the periods 
Z^ and the matrix Tj^i{Z) as 

^KL-^KL + ^^ Z^(Im^)^^,ZM • ^^-^^^ 

Whenever the Jacobian matrix O^lI^Z^ /Z^) is invertible the Z^ can be viewed as 
projective coordinates of P;j(2,i)+i. Going to a special gauge, i.e. fixing the Kahler trans- 
formations (12.141) . one introduces special coordinates by setting z^ = Z^ /Z^. Due 
to the homogeneity of JF it is possible to define a holomorphic prepotential f{z) which 
only depends on the special coordinates as 

HZ) = {Z'ffiz) . (B.16) 

In terms of / the Kahler potential given in (IB.Sp reads 

K = -ln^|ZY[2(/-/)-(5^/ + 9;,/)(z^-z^)] . (B.17) 
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A special example of the situation just discussed is the moduli space spanned by the 
complexified Kahler deformations introduced in fl2.22p . These fields can be interpreted 
as special coordinates on a special Kahler manifold Ai^^{t,t) [89j- The Kahler potential 
of the metric Gab given in fl2.15p is of the form (1B.17P with 

fit) = -iJCABcf't^t'^ . (B.18) 

Furthermore, inserting (IB. 180 into (IB.lSp using (1B.16P one determine the gauge-couplings 

N^^{t,t) to be 



-llCABcbH^'b^ llCABcbH'' 
\lCABch''h^ -ICABcb'^ 

K, f 1 + AGABh^h^ -AGABb^ 

AB 



6 V -"^GABb"" 4G 



where Gab is given in fl2.15p . 



C Supergravity with several linear multiplets 

In this appendix we briefly discuss the dualization of several massless linear multiplets 
to chiral multiplets. We only discuss the bosonic component fields and do not include 
possible couplings to vector multiplets. Our aim is to extract the Kahler potential for the 
A = 1, D = 4 supergravity theory with all linear multiplets replaced by chiral ones. Let 
us begin by recalling the effective action for a set of linear multiplets {L^, D2) couplet to 
chiral multiplets A'^. It takes the form0 

+ IKl-l>^ dD^ A *dD^ - ^dD^ A {Kl^n^ dN'' - K^xm dN^) , (C.20) 

where K{L, A, A) is a function of the scalars and the chiral multiplets A*^. The 
kinetic potential K is the analog of the Kahler potential in the sense that it encodes the 
dynamics of the linear and chiral multiplets. In order to dualize the linear multiplets 
{L^,D2) into chiral multiplets (L^,^a) one replaces ciDj by the form and adds the 
term 

C^C + 6C, 6C = -2lxdDl = -2D^Ad^x, (C.21) 

^This action can be obtained by a straight forward generalization of the action for one linear multiplet 
given in [74] . 
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where C,\{x) is a Lagrange multiplier. Eliminating C,\ one finds that dD^ = such 
that locally = as required. Alternatively one can consistently eliminate by 
inserting its equations of motion 

* Dl = 47^^"^' [dlx + i (i^L^iv^ dN"" - k^xm dN^)) (C.22) 
back into the Lagrangian (lC.20p . The resulting dual Lagrangian takes the form 

C = ~^R*1- Kj^.j^idN'' A*dN^ + \KL.L>^dL'' A*dL^ (C.23) 
+4^:^'^^' (^di^ - llm{kL^j^i dN')^ A * (dix - |lm(i^iA^. dN'') 

Since we intend to use these results in the effective action for Calabi-Yau orientifolds, we 
make a further simplification. We demand that the kinetic potential K is only a function 
of L'^ and the imaginary part of A^'^, which we denote by /'^ = ImA^^. This implies that 
all chiral fields iV'^ admit a Peccei-Quinn shift symmetry acting on the real parts of A^'^' 
as it is indeed the case for the orientifold setups. Thus the effective Lagrangian flC.231) 
simplifies to 

C = -\R*l-\kikiidN^ A*dN^ + \kL.LxdL'' A*dL^ (C.24) 
+Ak^^^^ {dl^ + IkL^iidReN'^^ A * {dlx + IkLXikdReN^^ . 

This A^ = 1 Lagrangian is written completely in terms of chiral multiplets and therefore 
can be derived from a Kahler potential when choosing appropriate complex coordinates 
A^'^ and Ta = {L^.ix). As we will see in a moment, a direct calculation yields that this 
Kahler potential is the Legendre transform of K with respect to the scalars L^. It takes 
the form 

K{T, N) = k{L, N~N)- 2(T, + 7;)L" (C.25) 

where L'^{N,T) is a function of the complex fields A^^,Tx. This dependence is implicitly 
given via the definition of the coordinates Tx 

Tx = lix + \kL. . (C.26) 

However, in order to calculate the Kahler metric, one only needs to determine the deriva- 
tives of L'^{N,T) with respect to N^,Tx. They are obtained by differentiating (1C.26P 
and simply read 

diyOTx = 2k^^^' , diydN^ = -j.k^^^'kLXii . (C.27) 

Using these identities one easily calculates the first derivatives of the Kahler potential 
( 1025]) as 

Kt^ = -2L" , Kj,A = j.kiA . (C.28) 
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Applying tlie equations flU.27p once more when differentiating flC.28p one finds the Kahler 
metric 

Kn^nb = \kiAiB - jKiAL^ k^piB , (C.29) 

with inverse 

K^'^^^ = -ik'^'" kiALo. , i^^"^" = 4i^'"'" . (C.30) 

Finally, one checks that K{T, N) is indeed the Kahler potential for the chiral part of the 
Lagrangian (]C.24p . This is done by plugging in the definition of given in (]C.26P and 
the Kahler metric (10.290 into 

C = -\R * 1 - Kmimj dM^ A *dM^ , (C.31) 

where = (N^Tx). 
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